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IMAGE Problem Corner: Old Problems with Solutions

We are still hoping to receive solutions to Problems 19-3b & 23-1, which are repeated below; we present solutions to IMAGE Problems 18-1, 21-2,
and 24-1 through 24-9 and a Comment on Solution 19-4.1 published in IMAGE 23 (October 1999), pp. 19-20. In addition, we introduce eight
new problems (pp. 16-17) and invite readers to submit solutions as well as new problems for publication in IMAGE. Please send all material in
macro-free IATEX (a) by e-mail to werner@united.econ.uni-bonn.de and (b) two copies (nicely printed please) by classical p-mail to Hans Joachim
Wemer, IMAGE Editor-in-Chief, Institute for Econometrics and Operations Research, Econometrics Unit, University of Bonn, Adenauerallee 24-42,
D-53113 Bonn, Germany. Please make sure that your name as well as your e-mail and classical p-mail addresses are included!

Problem 18-1: 5 x 5 Complex Hadamard Matrices
Proposed by S. W. DRURY: drury @math.mcgill.ca; McGill University, Montréal, Québec, Canada.

Show that every 5 x 5 matrix U/ with complex entries u; » of constant absolute value one that satisfies U*U = 5/ can be realized

as the matrix (w/*);, where w is a complex primitive fifth root of unity by applying some sequence of the following: (1) A
rearrangement of the rows, (2) A rearrangement of the columns, (3) Multiplication of a row by a complex number of absolute value
one, (4) Multiplication of a column by a complex number of absolute value one.

Computer Solution 18-1.1 by the Proposer S. W. DRURY: drury@math.mcgill.ca; McGill University, Montréal, Québec, Canada.

We do not have a proof to offer, but we have verified the statement numerically using a computer. Without loss of generality, we take
the matrix U in the form ) ) ) . )

1 et pifiz gibrs etf14
U= 1 eieg,l €i92)2 €i€2‘3 6i€2’4

1 eifs1 gifsz e eifua

1 effar  gifaz ifas pifas

where the 6, ; are in the interval [0, 27]. We may further insist that ¢!** is the closest of the ek to1,that 0 < 8, ; < = and
that 6,  is increasing with & and that 6; ; is increasing with j. The search space is thus a 16-dimensional torus and we proceed by
attempting to eliminate 16-dimensional boxes. We eliminate a box C' = [, ¢; x <4 Ljk if

o The intervals [; x are so located that the order relations described above necessarily fail;
e The intervals [; ;. are so located that the inner product of two distinct columns is necessarily non-zero;
o The intervals I;  are so located that the inner product of two distinct rows is necessarliy non-zero;

e The box C' is contained in the safe box Cj, to be described shortly.

If we fail to eliminate a box, we divide it into two equal pieces (by dividing a longest [; ») and then check the resulting boxes
separately. This process is continued recursively and eventually terminates showing that there are no solutions, except possibly in
the safe box Cj. So it remains to show that there are no solutions in the box () aside from the one sought. We use the following
lemma:

LEMMA. Let f : R™ — RR" be a smooth function which satisfies f(0) = 0. Let o be the smallest singular value of the Jacobian
matrix f'(0) and let M be an upper bound for the Frobenius norm of the Hessian tensor "' (x) as & runs over R™. Then, for any
solution of f(z) = 0, except x = 0 we have ||z|| > 20 /M.

Proof: Taylor’s Theorem gives

If(x) = £(0) = f/(0)xl| < %Sl;p 17N - N
and since f(0) = 0 and f(z) = 0, we get o|z|| < [|f'(0)x|| < M||z[|*/2. Since ||z[| # 0, we get the desired result. O

Applying the result to the case in point, with m = 16, n = 20 (10 complex equations give the orthogonality of distinct rows),
we find a rather small ball around the known solution in which there can be no further solutions. It remains then to choose Cj to be
a box entirely contained in this ball.




IMAGE 25: October 2000 page 3

Problem 19-3: Characterizations Associated with a Sum and Product

Proposed by Robert E. HARTWIG: hartwig @math.ncsu.edu; North Carolina State University, Raleigh, North Carolina, USA,
Peter SEMRL: peter.semrl@fmf.uni-lj.si; University of Maribor, Maribor, Slovenia,

and Hans Joachim WERNER: werner@ united.econ.uni-bonn.de; Universitit Bonn, Bonn, Germany.

(a) Characterize square matrices A and B satisfying AB = pA + ¢B, where p and q are given scalars.
(b) More generally, characterize linear operators A and B acting on a vector space X’ satisfying ABz € span(Az, Bx) for every
reEX.

The Editor has still not received a solution to Problem 19-3b. The solution by the Proposers to Problem 19-3a appeared in IMAGE
22, p. 25 (April 1999). We look forward to receiving a solution to Problem 19-3b.

Problem 19-4: Eigenvalues of Positive Semidefinite Matrices
Proposed by Fuzhen ZHANG: zhang @nova.edu; Nova Southeastern University, Fort Lauderdale, Florida, USA.

Show that there are constants v € (0, %] and ¢ € (0, %) such thatif Ay, ..., A, are non-negative definite r x r matrices of rank one
satisfying

(@ A+ 4+ A =1
(b) trace(A;) < v foreachi=1,...,n,

then there is a subset ¢ of {1,2, ..., n} such that the eigenvalues of A, = ) .. _ A; all lie in the interval (¢, 1 —¢).

i€o

Comment on Solution 19-4.1 [IMAGE 23 (October 1999), pp. 19-20 ] by Alexander KOVACEC: kovacec@gentzen.mat.uc.pt;
Universidade de Coimbra, Coimbra, Portugal.

In my Solution 19-4.1 {IMAGE 23 (October 1999), pp. 19-20] I used the following theorem:
THEOREM (Bourbaki). Assume {p;}7* are m vectors in the Euclidean unit n-ball: i.e., they sum to a: p; € R" with |p;| < 1,

St . pi = a. Then there exists a o € S,, (symmetric group of m elements) such that for all k e [m]

<(1+4a)- 5(n=1)/2

k
Zpo(i)
i=1

I have since found that there is a complete proof and some history of this theorem in the paper entitled “The remarkable theorem of
Lévy and Steinitz” by P. Rosenthal [The American Mathematical Monthly, 94, 342-351 (1987)].

Problem 21-2: The Diagonal of an Inverse
Proposed by Beresford PARLETT: parlett@math.berkeley.edu; University of California, Berkeley, California, USA,
via Roy MATHIAS: mathias @ math.wm.edu; The College of William and Mary, Williamsburg, Virginia, USA.

Let J be an invertible tridiagonal n x n matrix that permits triangular factorization in both increasing and decreasing order of rows:
J = L+D+U+ and J=U_D_L_. (1)
(Here the L’s are lower triangular, the [/’s are upper triangular, and the [)’s are diagonal.). Show that

(T Yk = (D4 )ak + (D=)pk — Jre]™h @)
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Solution 21-2.1 by Yongjian HU: yongjian@bnu.edu.cn; Beijing Normal University, Beijing, China.

First, we establish some auxiliary propositions which are useful later on. Let J be an arbitrary invertible n x n matrix and let J,J!
be partitioned into the following 2 x 2 block matrix forms:

A B E F
J= and J = 3)

¢ D G H

where the block entries A, £ and D, I are square matrices with the same order, respectively. If A is nonsingular, then we denote by
J/A the Schur complement of Ain J, i.e., J/A = D~ CA~!B. Similarly, if D is nonsingular, then we write the Schur complement
of DinJas J/D,ie,J/D=A—- BD~1C.

PROPOSITION 1. Let J be an arbitrary invertible square matrix of order n and J, J~* be partitioned into the form 3).

(i) If A is nonsingular, then
I, 0 A 0 I. A™'B

J = 3 (4)

CA™Y I, 0 J/A 0 I,
and H= (J/A)"' = (D - CA~'B)~'.

I. BD! J/D 0 1, 0
J= ; &)
0 In_, 0 D DC I,
and E = (J/D)"! = (A—- BD~1C)~L
Proof: Eqgs. (4) and (5) can be checked directly. By Egs. (4) and (5), we have

E F I. —A™'B At 0 I, 0
J—lz = ,
(G H) (0 I, ) ( 0 (J/A)! (—CA-1 In_r)

(ii) If D is nonsingular, then

and
£ F 1, 0 (J/Dy=' 0 I. —-BD™!
J_l = =
G H -D-C I,_, 0 D1 0 In_r
Comparing both sides of the last two equations, we obtain H = (J/4)"! and E = (J/ D)~ 1. O

Letus write J = (J;;)7 21, Jp = (Ji;)} j=1 and Jj = J, Jg = (Jij)7 j=q1 (1 < ¢ < m—1). We also may write

~ 0 -
Ji-1 0 0
Je—1k
J=10 ... 0 Jk k-1 Tk Jeksyr 0 - 0 (6)
Jit1k
0 0 Jl
i 0 i

PROPOSITION 2. Let J be an invertible n x n matrix that permits triangular factorization (1). Then all Jp (1 < p < n)and Jq
(0 < ¢ < n — 1) are nonsingular.
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PROPOSITION 3. Let J be an invertible n x n matrix that permits triangular factorization (1). Then (Di)11 = Ji1 and
(D) = Ji/Ji—1, 1 =2, n. Moreover, (D_) ., = Jnnand (D_)u = J_JJdt=1,---,n—-1L

Now let us prove the main result (2). Let J be an invertible tridiagonal n x n matrix. We write J in the form given by
(6) above. By Proposition 3, we have (Dy)pe = Ji/Je-1 = Jrx — (0 0 Jk,k_l)J,:_ll (0 0 Je—1k )T and
(D ik = o1/ Jh = Tk = (Jekg: O 0) (JL) ™  (Jrg1x O 0)7.LetA=Ji_1and D = J}_,.

Then, by Proposition 1 we have:

(V™D = Hu=[(J/A)" = [(I/Te-1)"
JiE Jk,k+10"'0 0 0 Jkyk_1 0 .- 0 0
Jht1k 0 - 0 0
~ 0 J! I . . Ty
k : : 0 00
0 0 --- 0 0 Je—1p - 00
L . L i L J 11
- - -1 W
Je/Tk-1 Jrr+10---0
Je+1 &
= 0 7! = (Ji/dk=1 = i js1 0 - O/(J0) T (16 0 - 0)T) 7
k
0
L - /11
= (Je/Thor = Tk = Tooo /TN ™Y = e/ Teet + iy / Tk = Jee) ™" = (D s + (D= e = Jir) - @)
Hence, the proof of assertion (2) is completed. O

Solution 21-2.2 by John MURCHLAND: 100326.1223@compuserve.com; 35 Rectory Park, Sanderstead, Surrey CR2 9JR, England.

The relation can also be written symmetrically as Jyx + (J~* )k“k1 = (D4 )k + (D= )gx . To ease writing below let G = J~1. To
help comparisons, factors in terms are kept in d, [, u, g order. For the forward factorization J = L4 D, Uy,

ju=df . ®)
andfork=1ton—1
Jrwer = dif “:,m—l SN SSVES d:[/j-u.g R d:lljﬁ-l,ku:—,k-)—l + d:+1 : ®
For the backward factorization / = U_-D_L_ ,
Jan = dy (10)
andfork=n—1to ]l
Jrwe1 =g gpy s Jerk = degiligi gy ke = Dl g g Tk - (1)

With G = J~' = U7' DL, DyUyGLy = I, and picking out the k. k element on each side, fork =1---n -1,

+ 4+ + + _
dk Jkk + dk lk+1ykgk.k+l + dk_ Uzyk_}_lgk-)-l.k + d:llj_{_lykuk’k_l_lgk«}-l,k—{-l =1,
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which by using (9) becomes

& Grk + Frt1 Gk k41 + Tk k419541 k 4+ Urgt ke — dk++1)gk+1,k+l =1. (12)

Similarly D_L_GU_ = I,, and this time picking out the k+1,k+1 element, fork = lton — 1,

dl:+llk_+1,kug,k+1gkk + d1;+1lk_+1,k9k,k+1 + d;+1“1:,k+1gk+l,k +d etk =1,

which by (11) becomes
(Jrk = di Jarn + Jht1 69k k+1 + Tk k196415 + g1 Gb1 k41 = 1. (13)

If we subtract (13) from (12), the two off-diagonal terms cancel and (d,;"—}-d; — Jek)9kE — (d,j+1+d;+1 — Jk+1k+1)9k+1 641 = 0.
Thus (df +d] — ji1)g11 = (d}: +d; — jkk)gkr foreach k = 2ton. But (df +dj — ji1)g11 = 1, since from (8) d} = ji1 and
fromG = J~' = LI'DZ'UZY ) g1 = (L2 1 (D20 (UZ )1 = 1/d7 , as LZ! and U~ are unit (full) triangular matrices.
This establishes the relation needed. O

Problem 23-1: The Expectation of the Determinant of a Random Matrix
Proposed by Moo Kyung CHUNG: chung @ math.mcgill.ca; McGill University, Montréal, Québec, Canada.

Let the m x n random matrix X be such that vec(X) is distributed as multivariate normal N(0, A ® I,,), where vec indicates the
vectorization operator for a matrix, the m x m matrix A is symmetric non-negative definite,  stands for the Kronecker product,
m > n,and I, is the n x n identity matrix. For a given m x m symmetric matrix C, find E det(X’C X)) in a closed form involving
only C and A. Is this possible? (Finite summation would also be fine.)

We look forward to receiving a solution to this problem!

Problem 24-1: Rank of a Skew-Symmetric Matrix
Proposed by S. W. DRURY: drury @math.megill.ca; McGill University, Montréal, Québec, Canada.

Let A be a complex skew-symmetric matrix. Show that the non-zero singular values of A are equal in pairs and deduce that A
necessarily has even rank.

Solution 24-1.1 by Chi-Kwong L1: ckli@math.wm.edu, and Roy C. MATHIAS: mathias@math.wm.edu; The College of William
and Mary, Williamsburg, Virginia, USA.

The result follows readily from the fact (see [HJ, pp.158—159] or see [KL] for an elementary proof) that for any real or complex
skew-symmetric matrix A there exists a real orthogonal or complex unitary matrix {/ such that U AU = A, & - - - & Ay, where

0 Sj

with s; > 0 forall j < n/2,and A; = [0] in case n is odd. O
References

[HI] R. A. Hom & C. R. Johnson (1991). Topics in Matrix Analysis. Cambridge University Press.

[KL]J. Karro & C. K. Li (1997). A unified elementary approach to canonical forms of matrices. SIAM Review, 39, 305-309.

Editorial Remarks. We are very grateful to Roger A. Horn (University of Utah) for pointing out that Problem 24-1 is Theorem 6,
Chapter XI, Section 4 of Gantmacher (1998); the stronger version in Solution 24-1.1 (special canonical form) is Problem 25 in §4.4
in Horn & Johnson (1990). The more detailed question of the possible Jordan canonical forms for a skew-symmetric complex matrix
is also addressed by Gantmacher (1998); for a modern treatment see Horn & Merino (1999).

Moreover, Wedderburn (1934, Th. 13, p. 96) shows that “If A is a skew n x n matrix of rank r, then (i) r is even; ..., (iii)
if r = n, [then] the determinant of A is a perfect square ..”” and cites Loewy (1910, ch. 2, pp. 79-153). See also Pascal (1900,
p- 43): “Eine schiefsymmetrische Determinante von ungeradem Grad ist Null. Eine schiefsymmetrische Determinante von gerader
Ordnung is das vollstindige Quadrat einer ganzen rationalen Function ihrer Elemente”; Pascal cites Cayley (1847, p. 93). See also
Lawford (2000), who asks readers to prove that when n is even then the skew-symmetric matrix A is nonsingular!
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Problem 24-2: Nonnegative Matrix with All Entries Summing to One
Proposed by S. W. DRURY: drury @math.mcgill.ca; McGill University, Montréal, Québec, Canada.

Let @) be areal n x n elementwise nonnegative matrix with the sum of all entries equal to 1 and, for each j, the jth row sum equals
the jth column sum. Show that () is a convex combination of matrices R(.X, o) described as follows. Let X be a nonempty subset
of I, = {1,2,...,n} with k elements and let o be a cyclic permutation of X. Then the matrix R = R(.X, o) is given by
1
rij = T ifie X andj=o(i) and r;; =0 otherwise.

Remark. This Problem is related to Solution 23-3.1 [IMAGE 24 (April 2000), page 9].

Solution 24-2.1 by R. B. BAPAT: rbb@isid.ac.in; Indian Statistical Institute—Delhi Centre, New Delhi, India.
See Lemma 3.4.3, page 126, in the book entitled Nonnegative Matrices and Applications by R. B. Bapat & T. E. S. Raghavan
[Encyclopedia of Mathematics and its Applications, Vol. 64, Cambridge University Press, 1997].
Solution 24-2.2 by Chi-Kwong L1: ckli@math.wm.edu, The College of William and Mary, Williamsburg, Virginia, USA,
and Roy C. MATHIAS: mathias @ math.wm.edu; The College of William and Mary, Williamsburg, Virginia, USA.
Note that the set Q is a polytope in IR"*” containing elements 4 = (a,;) determined by the inequalities:
a;; > 0 : (14)

and the equalities

n
E ai; = 1.
0]

Since a convex polytope is the convex hull of the extreme points, we need to show that the extreme points of () satisfy the condition
described in the problem.

al]:Zaﬂ, 121,,77 (15)
j=1 Jj=1

Note that every extreme point of () must satisfy at least n? linear independent equalities from (14) and (15). Now, suppose A is
an extreme point of @ with k nonzero rows (and the corresponding columns) with 1 < k& < n. Applying a permutation similarity
to A, we may assume that the first k& rows and columns of A are nonzero. Then the entries in the last n — % rows and columns are
all nonzero; so we get n° — k* equalities from (14), and we need k” additional equalities. Since one can get at most & independent
equalities from (15), we need at least k2 — k equalities from (14) when the entries in the leading & x k submatrix A; is considered.
Consequently, A; has exactly k¥ nonzero entries. Since 4, has nonzero row sums and column sums, the & nonzero entries must lie
on different rows and different columns of A;. Thus, the nonzero positions of A; correspond to a permutation matrix F.

If R is a length & cycle, then all row and column sums of A; are the same implying that k4; = R. One easily checks that if
A = (B 4+ C)/2 with B,C € @, then B and C have the same zero/nonzero structure as A, and hence B = C' = A. So, Aisan
extreme point.




