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IMAGE Problem Corner: Problems 25-1 to 25-7 With Solutions*
We present solutions to IMAGE Problems 25-l through 25-8 published in IMAGE 25 (October 2000), pp. 1G17; solutions to Problem 25-8 are on
pp. 2l-23 below. We arre still hoping to receive solutions to hoblems l9-3b and 23-1 [see IMAGE 25 (October 2000), pp. 3 & 6]. In addition, we
introduce five new problems @F. 2L25 below) and invite readen to submit solutions as well as new problems for publication in IMAGE. please
submit all material (a) in macro-free IaI$ by e-mail, prcferably embedded as text, to werner@united.econ.uni-bonn.de and (b) two paper copies
(nicely PriDted please) by classical p-mail to Hans Joachim Werner, IMAGE Editor-in€hief, Institute for Econometrics and Operations Research,
Econometrics Unil University of Bonn, Adenauerallee U42,D-53L13 Bonn, Gennany. Please make sure that your name as well as your e-mail
and classical p-mail addresses (in full) are included in both (a) and (b)!

Problem 25-1: Moore-Penrose Inverse of a Skew-Symmetric Matrix
Proposed by Jiagen GnoB: gross @ statistik.uni-dortmun d.dei Universitiit Dortnund, Dortmund, Gertmany,
Sven-Oliver TnoscIKB: troschke@statistik.uni-dortmund.de; Universitiit Dortmwtd, Dortmund, Germany,
and Gtitz TRENKLER: trenkler@statistik.uni-dortmund.de; Universitiit Dorttntmd, Dortmund, Gernany.

Find the Moore-Penrose inverse 1+ of
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Sof ution 25-1.1 by lerzy K. BAKsALAnv: jkbaks@lord.wsp.zgora.pl;TMeusz Kotarbifiski Pedagogical University, Zielona G6ra,
and Oskar Maria Bersarenv: ban@ main.amu.edu .pl; Adam Mickiewicz University, Povtafi, Poland.

LetodenotetheT x lvectorwhosesuccessivecomponents dteo,;,i =!,...,7. Sincethetransposeof Asatisfies At = -A,the
well-known formula A+ = A'(A' A)+ takes the form

A+ - A(f i \+

The structure of A ensures that the entries of A2 are

- f I3 - f I2

0

-o'1

A 1

where a -  ata:
sr7 ,
Lt- r  a i

( A z ) m -  - a * a ? ,  i -  I , . . . , 7  a n d  ( A ' ) r i  -  a i a j t  i ,  j  =  1 , . . . , 7 ;  i +  j ,

. This means that

Az - -aI7 * aat = -d(Iz - a* aa').

The matrix Iz - a+ aa' is idempotent and Hermitian (i.e., an orthogonal projector), and therefore has the Moore-Penrose inverse
equal to itself. Consequently, A+ = A(A2)+ takes the form

A+ = - a+ A(1, - a+ aa').

But the structure of A ensures also that Aa - 0. and thus the solution is

1+

* Prcblern 25-8 with solutions are on pp. 21-23 below; new prcblems on pp. 24-25.
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Solution 25-1.2 by R. B. Blper: rbb@isid.ac.in; Indian Statisticallnstitute-DelhiCentre, New Delhi, India.

Clearly, if each ai is rnro then A+ is the zero matix. Below let a; { 0 for some f. Then we show that

A+  =  - (aaT) -LA ,

wherea = fat,az,aB,a4,r,51aa,az].It iseasilyverif iedthatAaT = }andthatAA" = (aaT)I -a?o. Also, AAT =

since ,4 is skew-symmetric. Put X :- -(aaT)-14. Then it follows from these observations thx AX A -- A, X AX
AX (which equals X,4) is symmetric. Hence the result is proved.

Sofution 25-1 .3 by Yongge TIAN: ytian@mast.queensu.cai Queen's University, Kingston, Ontario, Canada.

WeconsiderthematrixA overthefieldof realnumbers. Clearly A = -AT.l-etb = (a1 : a2:...: a7)T;thenAD =

page 3

-Az  -  A rA
- X and that

n

0. Let

then h[ MT - sI, where s - Mo with

heres -  "?+ . . .+  "++

and so A+ = (I/s)Ar.

C o r r a r r r N r l . W e m a y w r i t e M  -  P N Q , w h e r e P : d i a g ( l ,  - I , . . . ,  - 1 ,  1 ) , Q = d i a g ( l , . . . ,  1 ,  - 1 ) a n d

* o o  - a 1  - a 2  - a g  - a 4  - a s  - a 6  * a z

*a t  *ao  -as  *az -as  *a+  -a7  -a6

-a6 *az  *a+ *as*a,z *as *ao -a1

*as  -a2  *a t  *aa  *ar  *ae  -a5  ia+
.Ar -

* a q  * a s  * a e  - a 7  * a o  - a 1  - a 2  - a s

* o r  - a 4  - a 7  - a 6  * a t  * o o  * a z  - a 2

*aa  *a r  - a4  *as  *az  -as  * so  *a r

-a7  *ae  -a5  -a4  *as  *az  -a1  * so

The matrix l/ is a real matrix representation of an octonion (for more details on octonions see, e.g., [1, 3]). The upperJeft 4 x 4
block of N is a real matrix representation of a quatenrion. From the theory of quaternionic and octonionic algebras, we may derive
many interesting properties of the matrix 1/. The corresponding results can be used in matrix analysis over octonionic algebras.
Some introductorywork was presented in [2].

ColaMeNr 2. If the matrix -4 is over the field of complex numbers, then A+ is not necessarily equal to (I I s)AT . The condition
AT = - A does not help us find the Moore-Penrose inverse A* and, in fact, there seems to be no 'hice" expression for A+ . If,
however,wereplaceallo; inthelowertriangularpartof ,4bytheircomplexconjugatesthen,4* - -A,andA+ = (t/t)A- with
t  =  l a l  l ' +  . . .  +  l o7 l2 .

, = ( " 0  
- 6 r  

) ,
\ - 6  A - a g I f

= o3 + o? + ... + 
"?. 

If s I 0, then M-L - s-l MT .when os = 0 we wite M

lo  -6 ' \  , (o  -6 ' \
Mo=[  

|  
and  v ; t = . - - 1  l ;

\ -a  A1 ' \ -a  A,  I

0. Further to the orthogonality of the rows and columns of M, we note that

(  o  -a+\
I v I o ' -  |  _  |

\  - (at)*  e+ /

tr
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Solution 25-1 .4 by Fudren ZHaNG: zhang @ nova .edu; Nova Southeastern University, Fort Laudeilale, Florida, (ISA.

I'et A = U* DU be a spectral decomposition of the Hermitian (real symmetric) matix A. It suffices to characterize the diagonal
matrix D. We compute,42 - -alz * oo', where a = (or , d2, . . ., o7) and e = e' a. By considering the eigenvalues of ,42, *" huu"
D2  =  d iag ( -d , . . . , - o ,0 )andD+  -  -a *D . I t f o l l ows tha t ,4+  =  -qA .  t r

A solution was also rcceived frcm the Prcposers Jiirgen GnoB, Sven-Oliver Tnoscnrr and G6tz TRENKLER, who observed that:

For a fixed vertor o = (or, . . . , or)' and arbitrary c € lR7 the linear mapping a x r = Ar defines the vector ctoss product in R7.

Problem 25-2: Vandermonde Matrices with Condition Number 1
Proposed by Chi-Kwong LI: ckli@math.wm.edu; The CoIIege of Williamand Mary, Williamsbarg,Virginia, USA,
Roy Mernns: mathias@math.wm.edu; The College of Williamand Mary, Williamsburg,Virginia,IISA,
and Seok-Zun SoNG: szsong@cheju.cheju.ac.kr;Cheju National University, Cheju, I(orca.

Ann x n complexmatrix A= (ood isaVandermondematrixif thereexistcomplexnumbers 27,...,2, such thataon - z8-1 .
Characterize those Vandermonde matrices with condition number equal to one, i. e., Vanderrronde matrices which are multiplds of
unitary matrices.

Sof ution 25-2.1by S. W. Dnunv: drury@math.mcgill.ca; McGill (Iniversity, Montr4al, Qudbec, Canada.

The length of the first row of Ais 1/n,so this is also the length of the gth column. So Di=,lrnl'@-L) = n and it follows that lzn | = 1
forq -  l ,2 , . . . ,n .  Wenowusethefact thatqthandrthcolumnsareor thogonal forg I  r .  Tt r isg ives! i=1(42,)p-L = 0,andi t
follows thatQz, - ,n t t, is an n th root of unity and that zs * zr. It follows that zn = zrr)kq, where o is a primitive nth root of
unityandwhere k1, k2,..., &, are distinctelements of {0, 1,2,...,f l  - 1}. So, afterrearrangingthecolumns,A is thematrixof the
Dfr  onZ(n\ .

Another approach to this problem uses the orthogonality of the first row and the remaining rows and Newton's identities to show
thatep(21, . . . ,2n)  = 0 for  k :  \ , . . . ,n-  1.  Onemaydeduce thataf terrearrangingthezq,wehave zq = zee forsomef ixed
constant e. One can then show that lz | = 1 as in the first step of the proof given above. We leave the details to the reader.

A solutionwas also rcceived from the Prcposers Chi-Kwong L1 Roy MATHIAS and Seok-Zun SoNc.

Problem 25-3: Linear Functions on Similarity Orbits of Complex Square Matrices
Proposed by Chi-Kwong Lt: ckli@math.wm.edu; The College of Williatnand Mary, Williamsburg,Vrginia, USA,
and Tin-Yau Tervr: tamtiny@mail.auburn.edui Aubum University, Aubam, Alabarna, USA.

l-et A e Mn, the set of n x n complex malrices, and let S(,4) be the similarity orbit of A, i.e., S(A) is the set of matrices in M,
similar to A. Show that /(S(,4)) is convex for any linear functional f on M,. What about 9(S(,4)) for some other linear function

9 : Mn -+ C* with rn ) l, is g(S(,4)) still convex?

Solution 25-3.1by S. W. Dnunv: drury@math.mcgill.ca; McGill Ilniversity, Montrdal, Qu6bec, Canada.

The following lemna shows that /(S(A)) is either a singleton or lD.

LEMMA. Izt A and B be n x n complex ntotices and suppose that {tr(B P-'lp)t P n x n, iwenibk} t' C,. Then either A or B
is a scalar tnultiple of the identity.

PRooF. Lett,rtbeorthogonalvectors. ThenT*{ = 0. I.etN = € I ?* sothatl[2 = 0. Nowdefinefor z e C,P = I *zN. Then
P - t - I - z N . w e f i n d

f t(Bp-tAp) : tr(8.4) + zn"lB,l l4- z2(rf / '€)(r l"Bo
Now a complex quadratic polynomial maps onto C unless it is constant, so we deduce that q*lB, A]6 = O and (A*A()(A*B€) = O
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for all orthogonal { and 7. Here [Il, A] means the commutator B A - AB . We make no use of the first of these identities. Now

consider the closed subsei X = { (t, ,i; t, n € An , T* € 
- 0}. Then X is a closed subset of Cn x lD" and therefore is complcte as a

meffic space. We have
X -  { ( { , ' l )  €  X ;T*  A€-  0 }  u  t ( ( ,  t l )  €  X  ; \ *B{  -  0 } .

By the Baire CategW Theorem one or other of the subsets on the right has non-empty interior in X. [.et us suppose without loss of

generality that it is tfrl nrst of these. Then, extending by linearity (first with € fixed and 4 varying in {r and then again with 4 fixed

and ( varying in ?'), we find that

t , q € C n , 0 * t = 0  +  ? * , 4 { = 0 .

It now follows first that A{ is a scalar multipleof ( for every vector € g C" and then that A =,\f for a suitable I € C.

( 0  1 \
Onthe otherhand,s(S(A)) neednotbeconvexincase n1,= 2, n =2. takeA = | l .  fnen A,-A e S(A). So,if

\o  o)
S(S(a)) is convex, then 0 € S(S(a)). I*t g be the linear functional that picks out the off-diagonal elements. Then S(A) must

contain a diagonal matrix, which is impossible. tr

Solution 25-3.2 by the Proposers Chi-Kwong Lt and Tin-Yau Tau.

Note that for every linear functional on Mn thae is a complex matrix C such that the linear functional can be represented as

X F+ trCX. Thus,

/(S(A)) : {tr(C,S-1AS) : ̂ 9 e. Mnisinvertible }.

We claim that either
(i) C or A is a scalar matrix, and /(S(A)) is a singleton, or

(ii) neither C nor A is a scalar matrix and /(S(A)) = A.

PRooF. lf C or A is a scalar matrix, then clearly /(S(A)) is a singleton. If it is not the case, then C has a Jordan block of size larger
than one, or C is diagonalizable with at least two distinct eigenvalues. In either case, C is similar to a matrix Cr with diagonal entries
ct t . . . tcn, (1,2)entryequal to l ,and ( i ,  j )  enryequal to0i f  j  -  i  d  {0,1} .  S imi lar ly ,A iss imi lar toamatr ixAr wi thdiagonal
entries d7t . . . t a,, (I,2) entry equal to 1, and (f , j) entry equal to 0 if j  - i  f {0,1}. Then tr(C1A1) = Ditaici € /(S(/)).
Furthermore, for any z € C, there exists a 2 x 2 invertible matrix ft such that

( " ,  1 \  ( " ,  0 \
Rl lR- '=f  I

\o ",1 \" ",)
So, tr(C1(.R A I"-z)At(R-1 e 1"-z)) -- , *D?=raici € /(S(,4)). Thus, /(S(A)) = C, i.e., (i i)holds. Theproof of ourclaim
is complete.

In general, suppose 9 : Mn -+ Ck is linear. Then 9(S(A)) may not be convex even if /c = 2 as shown by the example in Solution
25-3.lbys.W.Drury.Nevertheless,thereareexamplesthatg(S(A)) isconvexforA= n2-n*l.Forinstance,suppose,4€M,
has distinct eigenvalues ar t . . . t an, anf, S(X) = (trX, Xs), where Xs is obtained from X by setting all the diagonal entries of X
to 0. By a result of Friedland (lnZ), for any Yo e Mn with zero diagonal, one can find a diagonal matrix D such that D + Y0 has
eigenvalues (trrt. . .to,. Thus, D +Yo € S(A) and g(D + y0) = (trA, Ys). Hence,

s(S(A)) - 
{(trA,Yo) : }'o € Mnhas zero diagonal }

and is clearly convex. In general, it would be interestrng to determine the conditions on A and g so that 9(^9(A)) is convex.

Reference

S.Friedland (1972). Matriceswithprescribedoffdiagonalelements. IsraelJournalof Mathcmatics, 1f, 184-189.

Problem 25-4: Two Rank Equalities Associated with Blocks of an Orthogonal Projector
Proposed by Yongge TIAN: ytian@mast.queensu.ca; Queen's University, Kingston, Ontario, Canada.

/  A '  A r , \
A = l  l ;  A r r € ( D - x ' ,  A n e A * * k ,  A z r e 0 t ' " ,  A z z e 0 t * k

\ Arr Azz /
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(a) Show that the rank of the upper-right rn x I block of Pa = AA+ is

rank ((P,a )12) = rank(A1 t : Atz) * rank(-421 : Azz) - rank(,A).

Here (.8 : F) denotes the partitioned block matrix with E placed next to F.

(b) Now suppose that A is Hennitian and idempotent, i.e., an orthogonal projector. Show that

Aprif 2001 : IMAGE 26

rank(A) - rank(A11) * rank(A22) - rank(A12).

Solution 25-4.1 by Jerzy K. BAKsALAnv: jkbaks@lord.wsp.zgora.pl;Tbdeusz Kotarbifiski Pedagogical University, Zielona G6ra,
and Oskar Maria Bexsnllnv: baxx@main.amu.edu.pl;Adam MicHevviczUniversity, Pomafi, Poland.

We solve the parts (a) and (b) of the problem in the reverse order. First observe that without the additional assumption that n = m,
/r = / theresultin (b) isinvalid. Thisis seenfromtheexample inwhich n1' =2,n = l,lc =2,1= 1, and

/ t \  lo  o\
A, ,= l  l ,  Arr= l  .1 ,  ,421 =(o)  and Azz=( i  +)

\0/ \+ ; l
Then rank(,A) = 2,whereas rank(A11) * rank(A22) - rank(A12) = 1. Since wery orthogonal projectoris a nonnegative definite

matrix,itfollowsfromTheorem l in [AL] thatif n = mandft = l,thentheblocks Ati U,i = 1,2) satisfy

AnA{rArz - Atz, A12Af,rA22 = Ar2, A21A{1A11= A2v and A22A[2A21= Azt' (1)

Corollary 19.1 in [MS] assures that the conditions (1) are suffrcient for the rank of A to be additive on the Schur complement, i.e.,

rank(A) - rank (At1) + rank(A 22 - AztAltAn).

An immediate consequence of (1) is that

A22Alr(A2lAlrArr) - A21A{tA1z and (A2LA{rAn)At Ar, = AztAl,tAn' (3)

on the other hand, from the idempoten cy of Ait follows that Azr = Azr An * AzzAzr ' AnAzt = (I - An) An ' and A21A12 =

Azz(/ - Azz). Hence, in view of (1)'

(A^ A1+1 Atz)A[r(AnA{tAn' 

:

According to Theorem
AztA{rAtz,  i .e . ,

A21 A[1A12 Atr(Art Ar, * A22A21) A{rAp

A21 Aft(fu2 A[2A21 Av2 t ApA21 A{1A12)

A2LAIJAL2(1 - Azz) + (1 - An)Anl = A^Al1(2At, - Ai'.) = AztA[tAtz' (4)

the conditions (3) and (4) are necessary and sufficient for rank subtractivity of Azz and

rank(A 22 - AzrA[rAril - rank(A 22) - rank(A nA[rAn)'

Moreover, since Arr is a nonnegative definite ma,trix, it follows that

rank(Azr.Af, Atz) = rank(Ai}ar+, A1:A{rAp) = rank(ArrA{rAt,) = rank('412)' (6)

Substituting (5) and (6) into (2) yields the required equalrty

rank(A) = rank(A11) * rank(A22) - rank(A12). (7)

The result in part (a) can be obtained as a corollary to (7). Denoting (,411 : Arz) and (A21 : A22) by ,41 and '42, respectively,

and assuming that A+ - (Gt t G2), the equality (7) applied to

17 in [MS],

(5)

( : " : " : " , : " )P a -  A A +  :
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takes the form
rank(AA+) = rank(A1G1) + rant(a2Gz) - rank(ArGz). (8)

It is clear that rank(-AA+) = rank(A). Moreover, since the nonnegative definiteness of AA+ implies the range inclusions

R(A1G1) ER(ALG1) andB(AzGt) gR(AzGz), it follows that

rank(Aa) ) rank(A;G;) = rank(,Ar (G1 : G2)) ) rank(A6A* A) = rank(A;), i = I,2'

Consequently, the equality (8) can be expressed in the form rank(, ) = rank(Ar ) + rant(ar) - rank((Pa)rz), as required. tr

Refercnces

tALl A. Albert (1969). Conditions for positive and nonnegative definiteness in terrns of pseudoinverses. SIAM Joumal on Applied Mathematics,

17,434-440.

MSI G. Marsaglia & G. P. H. SWan (1974). Equalities and inequalities for ranks of madces. Linear and Multilinear Algebra, 2,269-292.

Solution 25-4.2 by Hans Joachim WrnNen: werner@united.econ.uni-bonn.dei University of Bonn, Bonn, Germany

First, we grve an elementary proof of (a). Then we show that the (claimed) statement (b) is correct, irrespective of the orthogonal
projector A, if and only if n = m and k = I.

PRooF or (a): lret Abe an arbitrary but fixed matrix of rank r, and let 7 6 6(m+l)x' be a mafrix such that LI*(J = 1" and

R(Lr) = R(A).In other words, let the column unigry -utx [/ be such that its columns form a basis for the range (column spac.e)

R(A) of A. ThenthereuniquelyexistsamatrixV* € 6rx(n*k) suchthat

A-L'rrr* :  (7, : ,7, : , )= ( : ' , ' , : ' , ' , ) '  where ( I - and v*

*(J -- UiUr + U;Uz - Ir,rtis easy to

( ; )

Since [/are partitioned in accordance with A. So, in particular, t/1 € (D* x'

see that
(LrJri

IJ [-t* = |
\ u2tli

Clearly (Pd)t, - Ufli € (D-x'. Consequently,

rank((Pa)12)  = d im R((Po)rr )  = d im R(U;)  -  d im R(U;)  nrV(Ul) ,

where "A/(.) denotes the null space of (.). Since

rank( t /2)  - rank(Uf)  =dimR(U;) , rank(A11 :  Arz)-  rank( t /17i  :  U1V,! )  =rank( [ / r7*)  =rank( [ / r )  -d im?-(Ut)

and

rank(A21 : Azz) - rank(U2Vi : UzVi): rank(tlzV*) - rank(U2) - dim R(Uz)

it is now clear that the claimed rank equation under (a) is correct if and only if

rn view or r = uir, + Lr|(r2 we r",u;ri*==:T::l :ffi::i::::, trrat //(yr) e R(u;)and hence, Rtu;) n
Al(U) = Af (Ur). Sincebythewell-known DimcnsionThcoremdimR(tl1)+dim N(Ut) = r,ourproof of (a)iscomplete. tr

DrscussroN or (b): Now suppose that A is Hermitian and idempotent, i. e., an orthogonal projector. Then A = Pa. When n = rz
a n d J - k , V * = U * ,

rank( ,411 :  An)  - rank( t /1)  = rank(U1Ui)  =rank(A11)

and
rank(421 :  Azz)  =rank(U2[ /* )  =rank( /2)  =rank(U2t l j )  =rank(A22)

sothatthedesiredresultisadirectconsequenceof(a).Thattheresult,however,doesnotnecessarilyholdwhenn#morl{kcan
beseenbymeansofthe3 x Smatrix A'.= Is. LetArr betheupperleft2 x l subblockofthisidentitymatrix,andletthematrices
Azr, An and A22 be chosen accordingly. Then rank(A) = 3, whereas rank(A11) * rank(,422) - rank(,412) = 1. tr

anduz € (Dlxt .

Ului \
l - P a .

Lrz[r; )


