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IMAGE Problem Corner: Problems 25-1 to 25-7 With Solutions*

We present solutions to IMAGE Problems 25-1 through 25-8 published in IMAGE 25 (October 2000), pp. 16—17; solutions to Problem 25-8 are on
pP. 21-23 below. We are still hoping to receive solutions to Problems 19-3b and 23-1 [see IMAGE 25 (October 2000), pp. 3 & 6]. In addition, we
introduce five new problems (pp. 24-25 below) and invite readers to submit solutions as well as new problems for publication in IMAGE. Please
submit all material (a) in macro-free ISTEX by e-mail, preferably embedded as text, to werner@united.econ.uni-bonn.de and (b) two paper copies
(nicely printed please) by classical p-mail to Hans Joachim Werner, IMAGE Editor-in-Chief, Institute for Econometrics and Operations Research,
Econometrics Unit, University of Bonn, Adenauerallee 24-42, D-53113 Bonn, Germany. Please make sure that your name as well as your e-mail
and classical p-mail addresses (in full) are included in both (a) and (b)!

Problem 25-1: Moore-Penrose Inverse of a Skew-Symmetric Matrix

Proposed by Jiirgen GROB: gross @statistik.uni-dortmund.de; Universitit Dortmund, Dortmund, Germany,
Sven-Oliver TROSCHKE: troschke @ statistik.uni-dortmund.de; Universitit Dortmund, Dortmund, Germany,
and Gotz TRENKLER: trenkler@statistik.uni-dortmund.de; Universitéit Dortmund, Dortmund, Germany.

Find the Moore—Penrose inverse AT of

0 a3 —as a4 —ag4 A7 —ag

—as 0 aj Qg —a7 —aa as

as —ay 0 —a7y —das as aq
A=\ —-as =—as ar 0 aq as —as
aq ar ag —dai 0 —as —as

—Qay ay —das —as as 0 aj

ag —as —ag das as —ay 0

Solution 25-1.1 by Jerzy K. BAKSALARY: jkbaks @lord.wsp.zgora.pl; Tadeusz Kotarbiriski Pedagogical University, Zielona Gora,
and Oskar Maria BAKSALARY: baxx@main.amu.edu.pl; Adam Mickiewicz University, Poznan, Poland.

Let a denote the 7 x 1 vector whose successive components are a;, 7 = 1, ..., 7. Since the transpose of A satisfies A’ = —A, the
well-known formula A1t = A’(A’A)* takes the form

At = 4(4H)*.
The structure of A ensures that the entries of A? are
(A%)ii = —a+df,i=1,..,7 and (A% = aiaj, 3,5 =1,...,T; i # ],
where o = a’a = Y,_, a?. This means that
A? = —aly + ad = —a(l; — at ad).

The matrix I — % aa’ is idempotent and Hermitian (i.e., an orthogonal projector), and therefore has the Moore-Penrose inverse
equal to itself. Consequently, At = A(A?)* takes the form

At = —at A(l; = ot ad)).
But the structure of A ensures also that Ae = 0, and thus the solution is
AT = —at A O

*Problem 25-8 with solutions are on pp. 21-23 below; new problems on pp. 24-25.
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Solution 25-1.2 by R. B. BAPAT: rbb@isid.ac.in; Indian Statistical Institute—Delhi Centre, New Delhi, India.

Clearly, if each a; is zero then A7 is the zero matrix. Below let a; # 0 for some 7. Then we show that
At = —(aaT) 1A,

where a = [a1, ay, a3, a4, as, ag, az]. It is easily verified that Aa” = 0 and that AAT = (aaT)I —aTa. Also, AAT = —A? = ATA
since A is skew-symmetric. Put X := —(aa®)~! A. Then it follows from these observations that AX A = A, XAX = X and that
AX (which equals X A) is symmetric. Hence the result is proved. [m]

Solution 25-1.3 by Yongge TIAN: ytian @ mast.queensu.ca; Queen’s University, Kingston, Ontario, Canada.

We consider the matrix A over the field of real numbers. Clearly A = —AT leth= (a1 :ag:---: a7)T; then Ab = 0. Let
ag —bT
M = ;
—b A-— Cto]

then MMT = sI, where s = a2 +a? + - -+ a2. If s # 0, then M~ = s~' M7. When a¢ = 0 we write M = M, with

0 —bT [0 b
My = and MO_1 = - ;

b A S\-b AT

here s = a? + - - - + a3 # 0. Further to the orthogonality of the rows and columns of M, we note that

0 —bt
MO—1 =
—(bT)"‘ At
and so At = (1/s)AT. a
COMMENT 1. We may write M = PNQ, where P = diag(1, -1, ---, —1, 1), Q = diag(1, ---, 1, —1) and
+ap —a1 —az —az —agq —ds —Gg -+ar
+ai +ag —az “+az —as +as —ay —as

+ay +az +ap —a1 —as +ay +as +as

+as —az +ar +ag +ar +as —a5 +aq
N

+aqs +as +as —ar +ap —ay —az —asg

‘tay —aq4 —ay —ag —+a1 +ag “+az —ap

+as +a7 —as Has Haz —asz +ap +ay

—a7 +ag —as —da4 —+az +az —a; —+ap

The matrix N is a real matrix representation of an octonion (for more details on octonions see, e.g., [1, 3]). The upper-left 4 x 4
block of N is a real matrix representation of a quaternion. From the theory of quaternionic and octonionic algebras, we may derive
many interesting properties of the matrix N. The corresponding results can be used in matrix analysis over octonionic algebras.
Some introductory work was presented in [2].

COMMENT 2. If the matrix A is over the field of complex numbers, then At is not necessarily equal to (1/s)A”. The condition
AT = — 4 does not help us find the Moore—Penrose inverse A% and, in fact, there seems to be no “nice” expression for AT, If,
however, we replace all a; in the lower triangular part of 4 by their complex conjugates then A* = — 4, and AT = (1/¢)A* with
t=la1)* + - +la7®
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Solution 25-1.4 by Fuzhen ZHANG: zhang@nova.edu; Nova Southeastern University, Fort Lauderdale, Florida, USA.

Let A = U* DU be a spectral decomposition of the Hermitian (real symmetric) matrix A. It suffices to characterize the diagonal
mzrltrix D. We compute A> = —a 7 + aa’, where a = (a1,as,...,ar) and @ = a’a. By considering the eigenvalues of A2, we have
D? = diag(—a,...,—a,0)and D* = —a*D. It follows that At = —a A. O

A solution was also received from the Proposers Jiirgen GROB, Sven-Oliver TROSCHKE and Gtz TRENKLER, who observed that:

For a fixed vector a = (ay,...,a7)" and arbitrary z € R” the linear mapping a X z = Az defines the vector cross product in R".

Problem 25-2: Vandermonde Matrices with Condition Number 1

Proposed by Chi-Kwong L1: ckli@math.wm.edu; The College of William and Mary, Williamsburg, Virginia, USA,
Roy MATHIAS: mathias @math.wm.edu; The College of William and Mary, Williamsburg, Virginia, USA,

and Seok-Zun SONG: szsong @cheju.cheju.ac.kr; Cheju National University, Cheju, Korea.

Ann x n complex matrix A = (a,¢) is a Vandermonde matrix if there exist complex numbers z1,- - -, z, such that a,, = 2L
Characterize those Vandermonde matrices with condition number equal to one, i. e., Vandermonde matrices which are multiples of
unitary matrices.

Solution 25-2.1 by S. W. DRURY: drury @ math.mcgill.ca; McGill University, Montréal, Québec, Canada.

The length of the first row of A is \/n, so this is also the length of the gth column. So )77 _, |2,|*(P=1) = n and it follows that |z, | = 1
forq = 1,2,...,n. We now use the fact that qth and rth columns are orthogonal for ¢ # r. This gives Z;L:l (Zgzr)P~t =0, and it
follows that 7z, = zg 12, is an nth root of unity and that zq # zr. It follows that z, = z; wk<, where w is a primitive nth root of
unity and where k1, k2, . . ., k,, are distinct elements of {0, 1,2, ..., n — 1}. So, after rearranging the columns, A is the matrix of the
DFT on Z(n). ’

Another approach to this problem uses the orthogonality of the first row and the remaining rows and Newton’s identities to show
that ex(21,...,2,) = Ofork = 1,...,n — 1. One may deduce that after rearranging the z,, we have z, = 2w? for some fixed
constant z. One can then show that |z| = 1 as in the first step of the proof given above. We leave the details to the reader.

A solution was also received from the Proposers Chi-Kwong L1, Roy MATHIAS and Seok-Zun SONG.

Problem 25-3: Linear Functions on Similarity Orbits of Complex Square Matrices
Proposed by Chi-Kwong L1: ckli@math.wm.edu; The College of William and Mary, Williamsburg, Virginia, USA,
and Tin-Yau TAM: tamtiny @ mail.auburn.edu; Auburn University, Auburn, Alabama, USA.

Let A € M, the set of n x n complex matrices, and let S(A) be the similarity orbit of A4, i.e., S(A) is the set of matrices in M,
similar to A. Show that f(S(A)) is convex for any linear functional f on M,,. What about g(S(A)) for some other linear function
g: M, — C" withm > 1,is g(S(A)) still convex?

Solution 25-3.1 by S. W. DRURY: drury @math.mcgill.ca; McGill University, Montréal, Québec, Canada.
The following lemma shows that f(S(A)) is either a singleton or C.

LEMMA. Let A and B be n x n complex matrices and suppose that {ttr(BP~1AP); P n x n, invertible} # C. Then either A or B
is a scalar multiple of the identity.
PROOF. Let £, 1) be orthogonal vectors. Then 7*¢ = 0. Let N = £ ® n* so that N? = (. Now define for z € C, P = I + zN. Then
P~! =] —2zN. Wefind

tr(BP~'AP) = tr(BA) + 2n*[B, AJ€ — 2*(n* A€)(n* BE)

Now a complex quadratic polynomial maps onto € unless it is constant, so we deduce that 77*[B, A]¢ = 0 and (n*A&)(n*BE) = 0
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for all orthogonal ¢ and 7. Here [B, A] means the commutator BA — AB. We make no use of the first of these identities. Now
consider the closed subset X = {(£,7);&,1 € €”, 7€ = 0}. Then X is a closed subset of C"* x C” and therefore is complete as a
metric space. We have

X ={(¢,n) € X;77 A = 0} U{(¢,n) € X;7"BE =0}

By the Baire Category Theorem one or other of the subsets on the right has non-empty interiorin X. Let us suppose without loss of
generality that it is the first of these. Then, extending by linearity (first with fixed and 7 varying in £ and then again with 7 fixed
and ¢ varying in n*), we find that

EneC, né=0 =  7A=0

It now follows first that A¢ is a scalar multiple of ¢ for every vector £ € C" and then that A = X/ for a suitable A € C.

01
On the other hand, ¢g(S(A)) need not be convex in case m = 2, n = 2. Take A = . Then A,—A € S(A). So, if

0 0
g(S(A)) is convex, then 0 € g(S(4)). Let g be the linear functional that picks out the off-diagonal elements. Then .5 (A) must
contain a diagonal matrix, which is impossible. a

Solution 25-3.2 by the Proposers Chi-Kwong LI and Tin-Yau TAM.
Note that for every linear functional on M,, there is a complex matrix C' such that the linear functional can be represented as
X — trCX. Thus,
f(S(A)) = {tr(CS~AS) : S € M,, is invertible }.
We claim that either

(i) C or A is a scalar matrix, and f(S(A)) is a singleton, or
(i) neither C' nor A is a scalar matrix and f(S(A4)) = C.

PROGF. If C or A is a scalar matrix, then clearly f(.S(A)} is a singleton. If it is not the case, then C has a Jordan block of size larger
than one, or C' is diagonalizable with at least two distinct eigenvalues. In either case, C is similar to a matrix C'; with diagonal entries
€1, .-, ¢ns (1,2) entry equal to 1, and (7, j) entry equal to 0 if 7 — ¢ ¢ {0, 1}. Similarly, A is similar to a matrix A; with diagonal
entries ai, . . ., an, (1,2) entry equal to 1, and (7, §) entry equal to 0if j — ¢ ¢ {0, 1}. Then tr(C141) = 3_7_; aje; € f(S(A)).
Furthermore, for any z € C, there exists a 2 x 2 invertible matrix R such that

a1 1 a1 0
R Rl =

0 as z as

So, tr(C1{R @ Li—2) A1 (R™' @ I—2)) = = + ) ;- ajc; € f(S(A)). Thus, f(S(A4)) = C, ie., (ii) holds. The proof of our claim
is complete.

In general, suppose g : M,, — C" is linear. Then g(S(A)) may not be convex even if k = 2 as shown by the example in Solution
25-3.1 by S. W. Drury. Nevertheless, there are examples that g(.S(A)) is convex for k = n? — n + 1. For instance, suppose A € M,
has distinct eigenvalues ay, . .., a,, and g(X) = (trX, X;), where X is obtained from X by setting all the diagonal entries of X
to 0. By a result of Friedland (1972), for any Y, € M,, with zero diagonal, one can find a diagonal matrix D such that D + Y; has
eigenvalues a;, ..., a,. Thus, D + ¥y € S(A) and g(D + Yy) = (trA, Yy). Hence,

g(S(A)) = {(trA,Yy) : Yo € M, has zero diagonal }

and is clearly convex. In general, it would be interesting to determine the conditions on A and g so that g{S(A}) is convex.

Reference
S. Friedland (1972). Matrices with prescribed off-diagonal elements. Israel Journal of Mathematics, 11, 184-189.

Problem 25-4: Two Rank Equalities Associated with Blocks of an Orthogonal Projector
Proposed by Yongge TIAN: ytian@mast.queensu.ca; Queen’s University, Kingston, Ontario, Canada.

Let Al A

A= : AnEmen, A12ECka, Aﬂeclxn’ AzzECle.
Axp Asgg
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(a) Show that the rank of the upper-right m x [ block of P4 = AA™T is

rank((PA)lz) = rank(A;; : A12) + rank(Az; @ Asg) — rank(A4).
Here (E : F) denotes the partitioned block matrix with ' placed next to F'.

(b) Now suppose that A is Hermitian and idempotent, i.e., an orthogonal projector. Show that

rank(A) = rank(A11) + rank(Ay) — rank(A12).

Solution 25-4.1 by Jerzy K. BAKSALARY: jkbaks@lord.wsp.zgora.pl; Tadeusz Kotarbiriski Pedagogical University, Zielona Gora,
and Oskar Maria BAKSALARY: baxx@ main.amu.edu.pl; Adam Mickiewicz University, Poznan, Poland.

We solve the parts (a) and (b) of the problem in the reverse order. First observe that without the additional assumption that n = m,
k = [ the result in (b) is invalid. This is seen from the example in whichm = 2,n =1,k =2,/ = 1,and

1 0 0
An = , A=
0

s A21:(0) and Agg:(% %)

1
2

SIS

Then rank(A) = 2, whereas rank(A11) + rank(As2) — rank(A;2) = 1. Since every orthogonal projector is a nonnegative definite
matrix, it follows from Theorem 1 in [AL] that if » = m and k = [, then the blocks A;; (7,7 = 1, 2) satisfy

AnAf A = A, A1pAl,As = Ag, AnAb Al = Ay and  AnpAl, A = Aoy ¢Y)
Corollary 19.1 in [MS] assures that the conditions (1) are sufficient for the rank of A to be additive on the Schur complement, i.e.,
rank(A) = rank(A;) + rank(Aszz — Az AT, Ar). )
An immediate consequence of (1) is that
Agp Aty (As1 AT A1) = Ap1 AT A2 and (Agy AT A12) Ay Age = As1 Al A 3)

On the other hand, from the idempotency of A it follows that As; = Aa1 A1 + Azz A, AisAg = (I — Aq1)Aqr, and Ag; Arp =
Aga(I — Ass). Hence, in view of (1),

(As1Af A1) AL (An AT A) = Ag AT A2 A (A2 Arr + AnAn) Al A
= Agi AT (A124%, A5 410 + AyaAg AT Aro)
= Ao AN [A12(I = As) + (I — An)A12] = A AT (2412 — AYy) = A1 AT Ay 4

According to Theorem 17 in [MS], the conditions (3) and (4) are necessary and sufficient for rank subtractivity of Asp and
A AT Ajs, e,
rank(A22 — AQlAﬁAlg) = rank(AQQ) bt rank(AglAflAm). (5)
Moreover, since Ap; is a nonnegative definite matrix, it follows that
rank(A21A_1*—1A12) = I'ank(A;QA-ﬁAuA-{lAlz) = rank(AllAﬁAlg) = rank(Alz). (6)
Substituting (5) and (6) into (2) yields the required equality
rank(A) = rank(A;;) + rank(Azz) — rank(A12). @)

The result in part (a) can be obtained as a corollary to (7). Denoting (A1 : A12) and (As; : Asg) by A; and Ay, respectively,
and assuming that AT = (G : G»), the equality (7) applied to
A1G1 AGy
Py = AAT =

A2G1 A2G2
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takes the form

rank(AA%) = rank(A4;G1) + rank(A4,G3) — rank(A;G>). ®
It is clear that rank(AA%) = rank(A). Moreover, since the nonnegative definiteness of AAT implies the range inclusions
R(AlGQ) C R(AlGl) and R(AQGl) - R(AQGQ), it follows that

rank(A;) > rank(4;G;) = rank(4;(G1 : Go)) > rank(4; AT A) = rank(4;), i=1,2.

Consequently, the equality (8) can be expressed in the form rank(A) = rank(4,) + rank(4») — rank((P4)12), as required. O

References

[AL] A. Albert (1969). Conditions for positive and nonnegative definiteness in terms of pseudoinverses. SIAM Journal on Applied Mathematics,
17, 434-440.
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Solution 25-4.2 by Hans Joachim WERNER: werner@united.econ.uni-bonn.de; University of Bonn, Bonn, Germany.

First, we give an elementary proof of (a). Then we show that the (claimed) statement (b) is correct, irrespective of the orthogonal
projector A, if and only if n = m and k = [.

PROOF OF (a): Let A be an arbitrary but fixed matrix of rank r, and let U € C"t)*" be a matrix such that U*U = I, and
R(U) = R(A). In other words, let the column unitary matrix U be such that its columns form a basis for the range (column space)
R(A) of A. Then there uniquely exists a matrix V* € €"*("*%) such that

vy vy Ayn Ag Uy
A=UV*= = , where U= and Vi=(Vy V)
U 2 Vl* U2 V. 2* Agl AQQ UQ

are partitioned in accordance with A. So, in particular, /; € C™*" and U € €'*". Since U*U = U U; + UsUs = I, itis easy to
see that
LUr U3
UU* = = PA.
VU UsUs

Clearly (P4)12 = U1 Us € €™, Consequently,
rank((Pa)12) = dim R((Pa)12) = dim R(U;) — dim R(US) NN (Uy),

where A/(-) denotes the null space of (-). Since
rank(Uz) = rank(U3) = dim R(U3),rank(As; : Ay2) = rank(U1 V)" : U1V5) = rank(U1 V™) = rank(U1) = dim R(U;)
and
rank(As; 1 Ase) = rank(Uo V)" : UaVy) = rank(U2 V™) = rank(Us) = dim R(U»)
it is now clear that the claimed rank equation under (a) is correct if and only if
r=dimR(U;) + dim R(U3) NN (Uy).

In view of I = UyU; + UsU, we get UsUsx = x for all # € A(U7), which implies that A'(U;) C R(U5) and hence, R(U3) N
N(U1) = N(Uy). Since by the well-known Dimension Theorem dim R(U; ) + dim N (Uy) = r, our proof of (a) is complete. O
DISCUSSION OF (b): Now suppose that A is Hermitian and idempotent, i. e., an orthogonal projector. Then A = P4. Whenn = m
and! =k, V*=U~,
rank(A1; : Aq2) = rank(U;) = rank(U;U5) = rank( A1)
and
rank(Aay @ Age) = rank(UU™) = rank(Uz) = rank(UsUJ) = rank(As2)

so that the desired result is a direct consequence of (a). That the result, however, does not necessarily hold when n # m or! # k can
be seen by means of the 3 x 3 matrix A := [3. Let A, be the upper left 2 x 1 subblock of this identity matrix, and let the matrices
As1, A12 and Ao be chosen accordingly. Then rank(A) = 3, whereas rank(A,1) + rank(A22) — rank(A412) = 1. ]




