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BLOCK REPRESENTATIONS OF THE DRAZIN INVERSE OF A
BIPARTITE MATRIX*

M. CATRAL', D.D. OLESKY?#, AND P. VAN DEN DRIESSCHET

0 B
Abstract. Block representations of the Drazin inverse of a bipartite matrix A = in
cC 0

terms of the Drazin inverse of the smaller order block product BC' or C' B are presented. Relationships
between the index of A and the index of BC are determined, and examples are given to illustrate
all such possible relationships.
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1. Introduction. Let A be an n X n real or complex matrix. The index of A
is the smallest nonnegative integer ¢ such that rank A?*! = rank A9. The Drazin
inverse of A is the unique matrix AP satisfying

(1.1) AAP = AP A
AP AAP = AP
(1.3) ATTIAD = A9,

where ¢ = index A (see, for example, [1, Chapter 4], [2, Chapter 7]). If index A = 0,
then A is nonsingular and AP = A~ If index A = 1, then AP = A#, the group
inverse of A. See [1], [2], [8] and references therein for applications of the Drazin
inverse.

The problem of finding explicit representations for the Drazin inverse of a general
2 x 2 block matrix in terms of its blocks was posed by Campbell and Meyer in [2].
Since then, special cases of this problem have been studied. Some recent papers
containing representations for the Drazin inverse of such 2 x 2 block matrices are [3],
[4], [6], [7], [8], [9], [11] and [12]; however the general problem remains open.
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In this article, we consider n X n block matrices of the form

0 B
c 0

where B is p X (n —p), C is (n — p) x p and the zero blocks are square. Since the
digraph associated with a matrix of the form (1.4) is bipartite, we call such a matrix
a bipartite matriz. In section 2, we give block representations for the Drazin inverse
of a bipartite matrix. These block representations are given in terms of the Drazin
inverse of either BC' or C'B, both of which are matrices of smaller order than A. These
formulas for AP when A has the form (1.4) cannot, to our knowledge, be obtained
from known formulas for the Drazin inverse of 2 x 2 block matrices. In section 3, we
describe relations between the index of the matrix BC and the index of A, and in
section 4 we give examples to illustrate these results.

2. Block representations for A”. The following result gives the Drazin in-
verse of a bipartite matrix in terms of the Drazin inverse of a product of its subma-
trices.

THEOREM 2.1. Let A be as in (1.4). Then

0 BC)PB

(2.1) AP = (BO)
C(BC)P 0

Furthermore, if index BC = s, then index A < 2s+ 1.

Proof. Denote the matrix on the right hand side of (2.1) by X. Then

Ax — 0 B 0 (BC)PB B BC(BC)P 0
c o0 || cmo)r 0 0 cBCPB |
A 0o wors|[o B| [ Borse 0o |
C(BC)P 0 C 0 0 C(BC)PB
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and

(BC)P BC 0
0 C(BC)PB

0 (BC)PB
C(BC)P 0

XAX =

0 (BC)PBCO(BC)PB
C(BC)PBC(BC)P 0

0 (BC)PB

by (1.2).
| C(BO)P 0 v (2)

Thus, X satisfies AX = XA by (1.1) and XAX = X. Let index BC = s. Then

jeerzy (BC)s+1 0 0 (BC)PB
0 (CB)s*+1 C(BC)P 0
] 0 (BO)*+(BC)PB
| @Bytemey” 0
| 0 (BC)*B

= by (1.3) and associativity
C(BC)*tY(BO)P 0

0 (BC)*B
C(BO)* 0

by (1.3)

— A25+1

By [2, Theorem 7.2.3], index A <2s+ 1 and X = AP. O

We now give three lemmas, the results of which are used to write A” in terms
of (CB)P, rather than (BC)P as in (2.1). Lemma 2.2 is an easy exercise using the
definition of the Drazin inverse, and Lemma 2.3 is proved in [2, p. 149] for square
matrices but that proof holds for the more general case stated below.

LEMMA 2.2. IfU is an n X n matriz, then (U?)P = (UP)2.
LEMMA 2.3. IfV ism xn and W is n x m, then (VW)P = V[(WV)?|PW.
LEMMA 2.4. If B ispx (n—p) and C is (n—p) X p, then (BC)P B = B(CB)P.

Proof. By Lemmas 2.2 and 2.3, (BC)P = B[(CB)!]PC = B[(CB)P]*C. Us-
ing (1.1) and (1.2), this gives (BC)P?B = B[(CB)?]?CB = B(CB)?(CB)PCB =
B(CB)PCB(CB)P = B(CB)".
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Note that Lemma 2.4 implies that (CB)PC = C(BC)P and thus Theorem 2.1
gives the following four representations for the Drazin inverse AP of a bipartite matrix.

COROLLARY 2.5. Let A be as in (1.4). Then

o [ 0 (BO)PB ] _ 0 BEBP ]

lceyy o | |ewor o

[ o worB] | o BEesP ]
~lwesre o | |@BPc o

We end this section with some special cases for AP in Corollary 2.5. If A is
nonsingular, then B and C' are necessarily square and nonsingular, and the formulas
in Corollary 2.5 reduce to

0o C!
B™t 0

AT =

If BC is nilpotent, then both (BC)? and AP are zero matrices. If C = B* is (n—p) xp
with rank B < p, then BB* is singular and Hermitian; thus index BB* = 1. As A
is also Hermitian, index A = 1. In this case, AP = A# = A', the Moore-Penrose

inverse of A, with

r 0 (BB*)B 0 B r
B*(BB*)! 0 Bt 0 '

3. Index of A from the index of BC. Results in this section that we state

for index A in terms of BC and index BC' could alternatively be stated in terms of
CB and index C'B.

Let A be as in (1.4). Then for j =0,1,...

A% (BC)j 0
0 (CB)j
and
0 (BC)jB 0 B(CB)?

A2j+1 _ _
c(BCY 0 (CByC 0
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Thus,

(3.1) rank A% = rank(BC)’ + rank(CB)
and

(3.2) rank A% = rank(BC)’B + rank C(BC)’.

Let s = index BC' and suppose that s = 0. If n = 2p, then B and C' are both pxp
invertible matrices and index A = 0. In this case, AP = A~!. Otherwise, if n # 2p,
then rank BC' = rank B = rank C' = rankCB = p, index A = 1 and AP = A# as
given in [5, Theorem 2.2] in terms of (BC)~!.

We use the following rank inequality (see [10, page 13]) of Frobenius in the proof
of some of the results in this section.

LEMMA 3.1. (Frobenius Inequality) If U is m x k, V is k x n and W is n X p,
then

rank UV +rank VW < rankV +rank UV W.

THEOREM 3.2. Let A be as in (1.4) and suppose that index BC = s > 1. Then
index A=2s—1, 2s or 2s+1.

Proof. From Theorem 2.1, index A < 25+ 1. By Lemma 3.1,

rank B(CB)*~! 4+ rank(CB)*~'C < rank(CB)*~! 4 rank(BC)*
< rank(CB)*~! + rank(BC)*1,

since index BC' = s. Thus, using (3.1) and (3.2), rank A2*~! < rank A%*~2 and index
A > 2s — 2. Therefore, index A =2s—1, 2s or 2s+ 1.0

In the following three theorems, we give necessary and sufficient conditions for
each of the values of index A which are identified in Theorem 3.2.

THEOREM 3.3. Let A be as in (1.4) and suppose that index BC = s > 1. Then
index A = 2s—1 if and only if
(i) rank(BC)* = rank(BC)*~1 B and rank(CB)® = rank(CB)*~'C, or
(ii) rank(BC)* = rank(C'B)*~1C and rank(CB)* = rank(BC)*"'B.

Proof. From Theorem 3.2, index A > 2s — 1. Now, using (3.1) and (3.2),
rank A% = rank A%~! if and only if rank(BC)® + rank(CB)* = rank(BC)*"'B +
rank(CB)*~1C, or equivalently, (i) or () holds. Thus, index A = 2s — 1 if and only
if either of the above rank conditions hold. O
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Note that if index A = 2s — 1, then in fact rank(BC)* = rank(BC)*"1B =
rank(C'B)® = rank(CB)*~!C. The conditions of Theorem 3.3 hold for any Hermitian
bipartite matrix A (as in (1.4) with C' = B*) since index BB* = 1 = index A.

LEMMA 3.4. If index BC = s, then

rank(BC)**! = rank(BC)*® = rank(BC)*B = rank C(BC)* = rank(CB)**!.

Proof. Let t = rank(BC)®. Since index BC' = s, it follows that ¢ = rank(BC)® =
rank(BC)*! = rank(BC)* B = rank C(BC)*, where the latter two equalities hold as
t = rank(BC)*™! < rank(BC)*B < rank(BC)® = t and t = rank(BC)**! <
rank C(BC)*® < rank(BC)® =t. By Lemma 3.1,

rank C(BC)* + rank(BC)*B < rank(BC)* + rank(CB)**!
o

2t < t+rank(CB)*™ = rank A%**? < rank A?*t! = 2¢.
Thus, rank(CB)**! =¢. O

THEOREM 3.5. Let A be as in (1.4) and suppose that index BC = s > 1. Then
index A = 2s if and only if index CB = s and (i) rank(BC)* < rank(BC)*"'B or
(ii) rank(CB)* < rank(CB)*~1C.

Proof. Suppose that index A = 2s. Let t = rank(BC)*. Then
rank A%° = rank A?**! = 2¢ < rank A%57 !,

where the second equality follows from Lemma 3.4. Since rank A%® = rank(BC)*® +
rank(CB)® = 2t, it follows that rank(C'B)® = ¢. Using (3.2),

rank A2#~1 = rank(BC)*"!'B + rank C(BC)*~!
rank B(CB)*~1 4+ rank(CB)*~1C
rank(CB)*~! + rank(BC)* by Lemma 3.1
rank(CB)*~1 +t.

IA

Thus,
2t < rank A*7! < rank(CB)*! 4+t

and therefore ¢t < rank(CB)*~!. This shows that index CB = s since rank(C B)s*1 =
t by Lemma 3.4. Also, if rank(BC)® = rank(BC)*"!B and rank(CB)*
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rank(C'B)*~1C, then by Theorem 3.3(7), index A = 2s — 1, a contradiction. Thus,
rank(BC)?® < rank(BC)*~! B or rank(CB)* < rank(CB)*~1C.

On the other hand, suppose that index CB = s and (%) or (%) holds. Since (i) or
(ii) holds, index A # 2s—1 from Theorem 3.3. If index A = 2s+1, then rank A?**! <
rank A?® or equivalently rank(BC)*B + rank C(BC)® < rank(BC)* + rank(CB)*.
Thus, Lemma 3.4 implies that ¢ < rank(CB)®, contradicting index CB = s and
showing by Theorem 3.2 that index A = 2s. 00

If Aisasin (1.4) with index BC = index CB = s > 1, then index A is 2s or
2s —1, depending on whether or not one of the rank conditions (i) or (%) in Theorem
3.5 holds. Note that if neither of these rank conditions holds, then the rank condition
(i) of Theorem 3.3 holds. For example, if A is as in (1.4) with

1
B:C: s

then index BC = index CB =1 = s, and index A =1 = 2s — 1. Note that neither of
the rank conditions in Theorem 3.5 holds.

THEOREM 3.6. Let A be as in (1.4) and suppose that index BC = s > 1. Then
inder A = 2s+ 1 if and only if rank(C'B)*® > rank(CB)*C.

Proof. Let t = rank(BC)® and suppose that index A = 2s + 1. Then as in
the proof of Theorem 3.5, it follows that ¢ < rank(CB)®. But by Lemma 3.4,
rank(C'B)*t! = rank(CB)*C = rank C(BC)* = t. Thus, rank(CB)* > rank(CB)*C.
For the converse, rank(C'B)*® > rank(C'B)*C implies that rank(BC)® + rank(CB)*® >
rank(BC)*B + rank C(BC)*. That is, rank A%* > rank A%**! and by Theorem 3.2,
index A=2s+1.0

COROLLARY 3.7. Let A be as in (1.4) and suppose that index BC = s > 1. Then
indexr A =2s+ 1 if and only if index CB = s+ 1.

Proof. Suppose that index A = 2s + 1. Theorem 3.6 gives rank(CB)® >
rank(C'B)*C > rank(CB)*™! so index CB > s + 1. The index assumptions on A
and BC give rank A%*2? = rank A2*** and rank(BC)**! = rank(BC)**2, and using
(3.1), these imply that rank(CB)**! = rank(CB)**2. Thus, index CB = s + 1. For
the converse, if index CB = s + 1, then rank(CB)® > rank(CB)**! so rank A% >
rank A?5*2 by (3.1). Using (3.1), (3.2) and Lemma 3.4, rank A?**2? = rank A?**! and
it follows that index A =2s+1. 0

4. Examples. We give examples to illustrate each of the indices in Theorem 3.2
and the associated Drazin inverses.
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EXAMPLE 4.1. Let

0 00| 1 0
00 0] 1 -2
0|B
A= 100 0]-1 1 =
clo

Then

[1 1 1-|

and it is easily shown that index BC' = 2 = s. Since rank A = 4, rank A2 = 3 and
rank A% = rank A* = 2, it follows that index A = 3 = 25 — 1. By the formula in [2,
Theorem 7.7.1] for the Drazin inverse of a 2 x 2 block triangular matrix and noting
that the leading block of BC' is a 2 X 2 nilpotent matrix,

0 0 —1
BOY =10 0 -1,
0 0 1
giving
(00 o0 1 —1]
00 0 1 —1
AP = 0 ‘(BC)DB =100 O0|-1 1
cBo” | o
00 -1 0 0
00 0] 0 O]

It is easily verified that conditions (i) and (%) of Theorem 3.3 are satisfied.

EXAMPLE 4.2. Let

0 B
I 0
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where B is a p X p singular matrix with index B = s > 1, and C' = I, the p X p identity

matrix. Then index CB = s and rank(C'B)* < rank(C'B)*~'C; thus by Theorem 3.5,
index A = 2s. In this case, by Theorem 2.1,

n 0 B"B

EXAMPLE 4.3. Let A be the 7 x 7 matrix

[0 0 o]|-1 0 0 1]

O 0 0| 1 100

0O 0 0| 0 1 10
0|B

A=]11 1 0| 0 0 0 0= ;

clo

0 -1 1| 0 00 0

0 0 —-1| 0 0 0 0

1 0 0] 0 00 O]

for which the directed graph D(A) is a path graph (see, for example, [5]). Then

0 -1 0 -1 0 -1
BC=|1 0 1| and (BO)?= 0 -2 0|,
0 -1 0 -1 0 -1

so rank BC = rank(BC)? = 2 and index BC = 1 = s. Thus, (BC)P = (BC)# and
as the directed graph D(BC) is a path graph, (BC)# is given by [5, Corollary 3.8]:
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Using Theorem 2.1,

o
(e} (e (e
o
—
I
—
I
—_
—

(BC)#B 0 01 1 0 0
0 ‘ 1
AD — = — — —
C’(BC)# ‘ 0 5 1 1 110 0 0 O
1 1 110 0 0 O
0 -1 010 0 0 O
0 1 010 0 0 O

Note that rank CB = 3 > rank CBC = 2 and index CB = 2; thus by Theorem 3.6 or
Corollary 3.7, index A = 2s + 1 = 3. Although A# does not exist, (BC)# does exist
and thus results in [5] can be applied to determine AP in this example.

Acknowledgement. This research is partially supported by NSERC Discovery
Grants.

REFERENCES

[1] A. Ben-Israel and T.N.E. Greville. Generalized Inverses: Theory and Applications. 2nd Edition,
Springer-Verlag, New York, 2003.

[2] S. L. Campbell and C. D. Meyer. Generalized Inverses of Linear Transformations. Pitman,
London, 1979; Dover Publications, Inc., New York, 1991.

[3] N. Castro-Gonzales and E. Dopazo. Representations of the Drazin inverse for a class of block
matrices. Linear Algebra and its Applications, 400:253-269, 2005.

[4] N. Castro-Gonzales, E. Dopazo, and J. Robles. Formulas for the Drazin inverse of special block
matrices. Applied Mathematics and Computation, 174:252-270, 2006.

[5] M. Catral, D. D. Olesky, and P. van den Driessche. Group inverses of matrices with path graphs.
Electronic Journal of Linear Algebra, 17:219-233, 2008.

[6] J. Chen, Z. Xu, and Y. Wei. Representations for the Drazin inverse of the sum P+ Q + R+ S
and its applications. Linear Algebra and its Applications, 430:438-454, 2009.

[7] D. S. Cvetkovié-Ili¢. A note on the representation for the Drazin inverse of 2 x 2 block matrices.
Linear Algebra and its Applications, 429:242-248, 2008.

[8] D. S. Cvetkovié-Ili¢, J. Chen, and Z. Xu. Explicit representations of the Drazin inverse of block
matrix and modified matrix. Linear and Multilinear Algebra, 2008. Available online at
http://www.informaworld.com/10.1080,/03081080701772830.

[9] R. Hartwig, X. Li, and Y. Wei. Representations for the Drazin inverse of a 2 X 2 block matrix.
SIAM Journal on Matriz Analysis and Applications, 27:757-771, 2005.

[10] R.A. Horn and C.R. Johnson. Matriz Analysis. Cambridge University Press, New York, 1985.

[11] X. Li and Y. Wei. A note on the representations for the Drazin inverse of 2 X 2 block matrices.
Linear Algebra and its Applications, 423:332-338, 2007.

[12] Y. Wei. Expressions for the Drazin inverse of a 2 x 2 block matrix. Linear and Multilinear
Algebra, 45:131-146, 1998.



