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ABSTRACT. As is well known, the main problem in integral geometry is to
reconstruct a function in a given domain D, where its integrals over a family
of subdomains in D are known. Such a problem is interesting not only as
an object of pure analysis, but also in connection with various applications in
practical disciplines. The most remarkable example of such a connection is the
Radon problem and tomography. In this paper we solve one of these problems
when D is a bounded domain in R? with a piecewise smooth boundary. Some
intermediate results related to dynamical systems with two generators and
to some functional-integral equations are new and interesting per se. As an
application of the results obtained we briefly study a boundary problem for
a general third order hyperbolic partial differential equation in a bounded
domain D C R? with data on the whole boundary dD.

1. INTRODUCTION

This paper is mainly devoted to one of the typical problems in integral geome-
try: to reconstruct a function in a domain D, where its integrals over a family of
subdomains in D are known. A peculiarity of the present work is that we consider
bounded domains D with boundary 0D. The statement of the problem under con-
sideration and the results we obtain turn out to be intimately connected with both
local and global properties of dD. Roughly speaking, given a connected bounded
domain D C R?, let D, be a system of subdomains in D, parameterized by points
q € 0D. To any function f in D we associate the integrals

(1) fdo =h(q), q€dD.
/

In connection with this relation, the above-mentioned problem in integral geometry
can be formulated in the following way (see [1]): for what spaces of functions f and
h is the map f +— h one-to-one, and what functions h(g) can be represented by the
integral (1)?

In this paper we investigate the situation in which D is a curvilinear plane
triangle. Even in this simplest case there are many candidates for the roles of
the above spaces. We restrict ourselves here to a class of spaces which appears in
studying boundary problems for some hyperbolic differential equations in suitable
bounded domains (see Section 7). In a framework of this class of function spaces
we give an exhaustive answer to the above questions. With each of these function
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spaces we associate a noncommutative semigroup of maps in dD. This semigroup
naturally generates a noncommutative dynamical system with a set O of specific
orbits in dD. As we will show, the solvability of equation (1) and the uniqueness
of a solution depend only on whether the set O contains periodic orbits of a special
type. Every such orbit, if any, plays the role of an obstruction in constructing a
solution of equation (1). It is worth mentioning that the corresponding conditions
of solvability are absolutely transparent from the geometric point of view.

In obtaining the main results we transform relation (1) into some functional-
integral equation on a part I' of the boundary 0D. In a simplest situation this
equation has the form

(2) F—a1F061—a2F062:H,

where a1,a2 and H are given real-valued continuous functions on I'; §; and
are continuous maps of I into itself, and F' is an unknown function on I". Such
functional equations have never been investigated before; they are interesting by
themselves and may be applied in other fields of analysis (see [4]). We derive an
essential piece of information related to the solvability of equation (2) and to quali-
tative properties of its solutions by means of dynamical methods. An application of
these methods becomes possible if we associate this equation with a semigroup ®g
of maps of I into itself generated by d; and d>. In terms of some specific orbits of
this semigroup a necessary and sufficient condition for the existence of a unique so-
lution to equation (2) is formulated. In proving corresponding assertions we obtain,
in particular, a maximum principle for the functional equations in question.

As one of the applications of the obtained results we consider a new type of
boundary problem for a class of higher (> 2) order hyperbolic differential equa-
tions in a bounded domain (see Section 7). The main result related to the well-
posedeness of this problem is formulated, and we prove the corresponding statement
by reducing the boundary problem in question to equation (1).

Some preliminary results are contained in the author’s papers [2], [4]

2. STATEMENT OF THE PROBLEM AND DEFINITIONS

2.1. Let I; and I; be smooth nonsingular transversal vector fields in a disk B in the
space R? of the variable y = (y1,y2). Introduce a curvilinear triangle D = OA; Ay
whose sides OA; and O As are trajectories of the vector fields I and Iy, respectively.
As to the side I' = A; Ao, it is assumed to be an arbitrary smooth curve without
singularities transversal at the points A; and As to I, and IgEl In addition, the
closure D of a domain D is supposed to satisfy the following hypotheses:

1° For any point p € D the trajectory of I; passing through p meets OAy, j, k =
1,2, j # k, at a point mp.

2° The set D is Ij-convex, j = 1,2. This means that, given points p and g on
any trajectory 7, of the field I, all the points r € ; between p and ¢ belong to D.

Given an arbitrary point ¢ € I', let D, be a curvilinear parallelogram ¢q;Ogs2,
where ¢; = m;q, j = 1,2. The above conditions 1° and 2° guarantee an inclusion
Eq cDforallgel.

1 See Figure 1.



DYNAMICAL APPROACH TO PROBLEMS IN INTEGRAL GEOMETRY 3

In this work we study the solvability of an integral equation of the following form:

3) fdo=h(g), qeT.
/

Here o is a measure in B, h(q) € C(T") is a given function and f € C(D) is an
unknown function. The analogy of problem (3) with the famous Radon problem is
obvious.

Remark. Note that the problem in question is insensitive to multiplying the vector
fields I; and I, by any nonvanishing functions p; and po, respectively.

It can be verified directly that the range of the operator
B:feC(E)a/fdaeC(F)
Dq

is (a part of) a linear space
H(T) = (C* N Co)(T)

of all twice continuously differentiable in I' functions vanishing at the boundary
points of I". Therefore, the best possible solution of the problem, as formulated in

the Introduction, consists in describing spaces F(D) C C(D) for which the map
B: .7:(D) i H(F)

is one-to-one. Among various candidates for the role of F(D) we have chosen a

wide class of subspaces in C'(D) which naturally appear in the theory of boundary
problems for PDE.

Definition. Given a smooth nonsingular vector field Iin B we denote by C(;(D)

the subset of all functions in C'(D) which remain constant along each trajectory of
the field 1

It is not difficult to describe the space C(;y(D) directly. Let
I={(y), ()}, y=(y1,92) € B,

be a coordinate form of the vector field I. Denote by w(y) a smooth function without
critical points which solves the first order differential equation

(4) A (y)(0/0y1)w + A2(y)(8/Oy2)w = 0.

Then the space C(1y(D) consists of all functions f(y) = F(w(y)), with F being an
arbitrary real-valued continuous function on the range of w.

2.2. Let I be a smooth nonsingular vector field in B such that

(i) 1is transversal to I and to both fields I; and Io;
(ii) for any point p € D a trajectory of I passing through p meets
the curve I' at a point mp.
By virtue of hypothesis (ii), we can introduce two maps in I':
Cl = TM]O0T1 and CQ = 7] O T
which play a crucial role in formulating main results of the work. These maps

generate a noncommutative semigroup ®¢. The elements of ®¢ are all the maps of
T into itself of the form

CJ =G, ©---0GC,
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where J = (ji1,...,Jn) is a multi-index with j; equal to 1 or 2, and o denotes the
composition of maps. The semigroup ®; naturally determines a dynamical system
of a cascade type. In what follows, we use the geometric terminology relating to
®, and not coinciding completely with the traditional one.

1) Given a map (5 € ®¢, an ordered set O = (qi,...,¢n+1) of points in T is
called an orbit if

(5) Gkt1 = G gr) for 1<k <n<oo.

The set of all orbits will be denoted by O.
Introduce the guiding setd]

Ti={qel'|Lig) e Ty(l)}, Ta={qel|k(qecT,(I)}, and T =T UT,

and denote by 77, 77 and 7" the collections of all limit points of these sets, respec-
tively.
2) An orbit O = (¢1,-..,qn+1) is said to be T-proper if

Gpe=C forqreTy and (¢, =G forgp e’y

in (5).

3) If all points of an orbit O belong to a guiding set 7, then O is called a T-guided
orbit.

4) If ¢ = gny1 or, equivalently, if (;(q1) = q1, then the orbit O = (q1,...,qn+1)
is called a periodic orbit or a cycle.

From the point of view of the dynamical system generated by the semigroup ®¢,
in moving along any 7-proper orbit we leave each point ¢; € 7 along a trajectory
transversal to T

FIGURE 1. The families of trajectories of the vector fields I, I, and
I are represented. The point ¢ € T is in 75. Therefore, the orbit
(¢, q2) is T-proper whereas the orbit (¢, 1) is not.

Definition. We denote by ‘.TICT the set of all 7-proper 7-guided periodic orbits in
T.

2As usual, T4(T") stands for the tangent space of the curve I' at the point q.
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3. THE MAIN RESULTS

3.1. Before formulating the main results we note that, by virtue of hypotheses 1°
and 2° in Subsection 2.1, there is a neighborhood V' of the curvilinear triangle D
in the space R? of the variable y = (y1,92) and a diffeomorphism y : W > z —
y(z) € V of a domain W in the space R? of the variable x = (21, z2) satisfying the
following conditions:

(I) D is the image of a curvilinear triangle D whose sides are the
intervals {z1 | 0 < z; <1} and {z2 | 0 < 2o < 1} of the z;- and
To-axis, respectively, and a smooth curve I'.

(IT)  All trajectories of the fields I; and I, are y-images of trajec-
tories of the unit vector fields e; and e; parallel to the x;- and
To-axis, respectively.
In particular, it follows that for certain smooth positive functions p;(y) and pa(y)
the relations

(0/0x1)y = p1h(y), (9/0x2)y = p2bk(y)

hold for all z € D. On the other hand, it is clear that the triangle D satisfies the
same hypotheses 1° and 2° (see Subsection 2.1) in which the fields e; are substituted
for I;, j =1,2.

In Theorem 1 and Theorem 2 below the measure do in equation (3) is defined as

do = dyidya/|p11i(y) x p2la(y)|-

3.2. We are now able to state the main results of this work.

Theorem 1. Let 1 = Aip1Ly + Aapalo be a vector field in B, where A1 and Xo are
certain positive constants. Assume that either at least one of the sets T{ and T,
is finite or all possible pairs of points 1 € T and 72 € T, are situated on T in
the order Ay, 71,72, Aa. Then for an arbitrary function h € H(T') there is a unique
solution f € Cy(D) of equation (3) if and only if

(6) nz =.
The inverse operator B! : h — f is a continuous operator from H(T') to Cyy(D).

To illustrate this result let us consider Figures 2 and 3. In both figures p is
the only point in ' belonging to 7; and ¢ is the only point in I" belonging to 75.
Therefore, the only orbit consisting of the points p and ¢ may belong to ‘ﬁg In
Figure 2 a unique 7 -proper orbit beginning at the point p (g, respectively) contains
as a second one the point p1 &€ 7 (g2 & 7, respectively). Thus, ‘ﬂg = (), and
problem (3) is uniquely solvable in the triangle OA; A for all functions h € H(T).
In Figure 3 ‘IICT # () as the orbit (p, ¢, p) is obviously in ‘ﬁg In view of Theorem 1
(see relation (44) below), the equation Bf = h is not solvable if

dsh(p) + 0sh(q) # 0,

where Js is the differentiation with respect to the natural parameter on T'.
Our next result relates to the solvability properties of equation (3) in the case
of the same field I, but with variable coefficients A\; and As.
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FIGURE 2. FIGURE 3.

Theorem 2. Assume that a vector field 1 = A\p1ly + dopalo satisfies the following
conditions:

Q) (0/01)M =0,  (9/0h)As = 0,
(ii) (0/0L)A\ <0, (0/0L)A2 < 0.

If at least one of the sets T, and T is finite, then the conclusions of Theorem 1
are valid, provided that M7 = ().

Passing to the concluding Theorem 3 we note that from the technical point of
view this is the central part of the work. We continue to discuss the solvability
properties of equation (3) but in the simplest (one can say, in a model) situation:
both of the vector fields I; and I, are constant, while do = dy;dy2. However, the
vector field I in question is supposed to be of a rather general form. This makes
it possible to use Theorem 3 in searching various classes of fields 1 guaranteeing
the existence of the above operator B~! and its continuity. In particular, an essen-
tial part of the above Theorem 1 and Theorem 2 is proved below by referring to
Theorem 3.

Theorem 3. (I) Let I; and Ly be the unit vector fields in the space R2 parallel to
the coordinate x1- and x2-axes, respectively, and let one of the sets T] and T be
finite. Assume that a vector field 1 = \i(x)ly + A2 (x)ly with positive \;j(x) satisfies
the following conditions:

(7) 1° (8/8x1)(>\1/>\2) > 0, (8/8x2)(>\2/>\1) > 0 n D;
2°  there is a solution w of equation (4) satisfying the condition
(8) Qwdjw <0 in D  for j=1,2.
Then, under hypothesis ‘ﬂg = 0, for any function h € H(T) equation (3) with
do = dxidxs has a unique solution f € Cyy(D).
(II) If the coefficients \1 and A2 are constants and the guiding sets T, and

Ty satisfy the hypothesis in Theorem 1, then for an arbitrary function h € H(T)
equation (3) with do = dxydxs is uniquely solvable in C 1y (D) if and only ifm? = 0.

All these assertions will be proved in the subsequent sections.
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4. PROOF OF THEOREM 3

The proof of Theorem 3 is long and consists of three parts. At first we reduce
problem (1) in equivalent manner to two different functional-integral equations on
the curve I'. For the first one we obtain a maximum principle from which the
uniqueness of a solution to problem (3) (i.e. the relation dimker B = 0) follows
immediately. As to the second equation on I', we prove that the spectral radius of
the corresponding linear operator in C(T') is less than one. This makes it possible
to apply the Riesz-Schauder theory, and to establish that the index of this operator
equals zero. Therefore, ind B = 0. Combining this result with the uniqueness
already proved completes the proof of Theorem 3.

4.1. Reduction of problem (3) to functional-integral equations. Without
loss of generality we can consider the domain D as a curvilinear triangle whose
sides are intervals 0 < x; <1 and 0 < x5 < 1 of the x1- and zo-axis, respectively,
and a curve

I'={(x1,22) | 21 = a1(2), 22 =aa(z); z€ Iz}.

Here
I;={z|-1<z<1},

and a(z), az(z) are smooth functions such that

(9) |04 (2)] + |ay(2)] > 0, 2 € Iz

We note that

(10) a1(—=1) =0, as(-1)=-1, ai1(1)=1, ax(l)=0,
and

a point (al(zo),ag(zo)) € T belongs to a guiding set 7;, j = 1,2,
if and only if
a;'/(ZO):Ov ]/7éj
Introduce the notation
a(z) = (a1(2), 2(2)), z€lz.
It is convenient to treat o as a map
a:lIzdz—a(z)el

which is invertible, due to (9). We observe also that, by virtue of our assumptions
about the domain D (see 1° and 2° in Subsection 2.1), the inequalities

(11) ai(z) >0 and ay(2) <0, z€ Iz,

hold. (This fact is precisely what makes it possible to translate an invariant geo-
metric description of the above domain D into an analytic language.) We will prove
these inequalities (which are not quite trivial) in the Appendix.

Let w = w(x) be an (arbitrary) fixed solution of equation (4) such that grad w # 0
in D. As A\ > 0 and Ay > 0, it follows from (4) that (ws,ws,)(z) < 0 in D.
Therefore one can assume (multiplying w by —1 if it is necessary) that

(12) Wey () >0, wy,(z) <0 in D.
Introduce notation
v = infw, Y4 = supw,
D D
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and let I = {¢t | v~ <t < ~4}. Denote by wr the restriction of the function w to
I". We will prove now that the map wr : I' — Ip is surjective and invertible. To
this end consider a map

Q=woa:lz;— Ir.
Differentiating the function (z) = w(a(z)) and using inequalities (9), (11) and
(12) we arrive at the inequality
(13) ' (z) >0, z €1Iy.

This results in invertibility of . But w o @ = wr o a and, by virtue of invertibility
of «, the same is true with respect to the map wr. To prove the surjectiveness of
wr take a point p_ € D such that w(p_) = v_. Then a trajectory of the vector
field I passing through p_ meets I' at a point ¢_ (see hypothesis (ii) in Section 2).
Therefore wr(g—) = y—. In just the same way we determine a point ¢4 € I" such
that wr(g+) = 4. Thus

Y- =minwr and Y4 = maxuwr,

and this completes the proof of the assertion.
We return to the definitions in Section 2 and note that

m(x) =x1, ma(x) =122
for any point x = (z1,22) in I'. By the definition of w and ¢; we have

w(@1,0) =w(Gi(2) and w(0,22) = w(Ga(a)).

Denote

wi(r) = w(x1,0), wa(zr) =w(0,z2).
Then
(14) wj(a(z)) =wr(Goa(z)), j=1,2.

Introduce the smooth maps in Ip
04 :ijOcOQ_l, ji=1,2,

which play an important role in the following. Recalling that 2 = w o a and using
(14) we conclude that

(15) §j=wroownt, j=1,2
and
(16) wjoa =40

All needed properties of the maps d; are collected in the following lemma.

Lemma 4. (i) Both maps 61 and 3 in It are nondecreasing functions. In addition
01 maps It onto [yo,7+] and d2 maps It onto [y—, Y], where vo = w(0,0).
(i) For all values t, v— <t < vy, the inequalities

(17) Sa(t) < t < 6,(t)

hold. Furthermore, §1(v4+) = v+ and d2(y-) = v—.
(iii) For any t € Ip the inequality

(18) 8 () + d5(t) >0
holds.
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Proof. (i) We note first of all that

(d/dz)w;(e(2)) = wa, (m;(e(2))) © @) (2).

Combining (11) and (12) results in the inequality (d/dz)(w; o @)(z) > 0. This
inequality along with (13) and (16) leads to the monotonicity of ¢;. Furthermore,
in order to describe the images of the maps d; it suffices to note that, by virtue of

(13),
Qo) =-1, QM) =1,
and to verify directly that

wi(a(l)) =74, wa(a(=1)) =~-, and wi(a(-1)) =wa(a(l)) ="0.
(ii) Inequalities
wa(a(2)) <w(a(z)) < wi(a(z))

hold due to (12). Substituting Q71 (¢) for 2 results in (17).
(iii) Differentiating (16) results in

(19) wa, (75 0 a(2))aj (2) = (65 0 Q)(2)Q'(2),

and it remains to use inequalities (12), (13) and (9).

Analogously to Section 2 one can construct a semigroup ®s of maps in I of the
form 0y = d;, 0...006;, with J = (ji1,...,jn) and all j, equal to 1 or 2. Each map
d generates an orbit consisting of points (¢1,te,...,t,t1) in Ir, n > 1, where

(20) thpr =05 (tr), k> 1.

We denote the union of such orbits over all multi-indices J by Os.
By virtue of (15), we conclude that for an arbitrary multi-index .J

(21) 5J:wpog;ow;1.

Analogously to Subsection 2.2, we introduce the guiding sets 75, = {t € I |
6% (t) = 0}, where 1 < j,j" < 2 and j # j'. Let 75 = 75, U75,. An orbit
O = (t1,ta,...,tpy1) in Iy is called Ts-proper if in (20)

0j, =61 when ¢, €75 and 6; =092 when ¢t € 7Ts,.

As in Section 2, we introduce a set ‘II(;T& of all 75-guided 7s-proper periodic orbits
in I. The following assertion makes it possible to reformulate hypothesis (6) in
Theorem 3 in a coordinate form.

Lemma 5. The w-image of any (T -guided, T -proper) orbit in O is a (T5-guided,
Ts-proper) orbit in Os and conversely, any (Ts-guided, Ts-proper) orbit in Oy is an
w-image of a (T -guided, T -proper) orbit in O. In particular, the sets ‘IICT and ‘II(ST&
can be empty only simultaneously.

Proof. Let (;(q) = ¢ for some j. In other words, the sequence (g, §) is an orbit in
I'. Then w(§) = w o (;(q) = J; ow(q), due to (15), and consequently (w(q),w(§)) is
an orbit in Ip. If §;(t) = £, then wp 't = ¢;(wp'(t)), so that (t,7) is the w-image of
an orbit (wp ' (¢),wp ' (f)) in T'. Furthermore, due to (19), for any point xo = a(zp)
the implication

(22) @(20) =0 <= 6j(w(x0)) =0
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holds, and hence, the w-image of an arbitrary point xg € 7; belongs to 75, and vice
versa. Consequently,

(M, ... ™) e ‘ﬂg = (w(:c(l)), e ,w(:c(”))) € ‘ﬁ?.
In particular,
N7 =0 = NP =0.
This completes the proof of the lemma.
Turn now to equation (3). Remembering (see the end of Subsection 2.1) that

each function f € C(jy(D) can be represented as F (w(z)), where w solves equation
(4), we rewrite this equation in the form

a1(z) az(z)
(23) (BF)(z) := / / F(w(ml,xg))dxgdxl = B(z), z €1y,
0o 0
where h(z) = h(a(z)). In view of (10), BF € H(I) for all functions F € C(Ir). It

follows that for any function h € H(Iz) equation (23) is equivalent to each of the
two equations

(24) (d/dz)BF = (d/dz)h, =z € Iz,
and
(25) (d?/dz*)BF = (d?/dz*)h, z€ Iz.

In detailed notation the first equation has the form

az(z) a1 (z) B
(26) o (2) /O F(w(on (=), 22)) ds + aly(2) /O F (@, as(2)))des = R (2).
Introduce a function
Glt) = / F(s)ds, te Ir,
0

and substitute G’ for F' in (26). Integrating by parts reduces the equation obtained
to a functional-integral equation
(27)

(a)/way 0 @+ ah/ws, 0 )G(w o a)(2) — (@) /wa, (a1, 0))G(wr 0 a)(z)

— (h/we, (0,02))G(wz 0 @) (2) = KG(2) = I (2), 2 € Iz,

with the additional condition G(0) = 0. Here K is a nonpositive operator from
C(Iz) to C(Ir), that is,

(28) G>0+ KG<O.
The latter follows from the explicit form of KC,
az(z)
KG(z) = oi(z) (G ow)(a(2), m2)(1/we, (a1(2), 22))w, dia

a1(z)
+ 0/2(2)/0 (G ow)(z1, a2(2))(1/wa, (21, a1(2)))ey din,
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if we take into account inequalities (11), (12) and (8). Substituting Q7L(¢t) for z in
(27) and denoting h(Q71(¢)) by H(t) we arrive immediately at the equation

G(t) — ()G (51(8)) — ua(t)C (52(1))

(29) = KiGQ(1) + H'(t), telp.

Here K1 = (o) Jwa, +ab/w,,) 1K is the nonnegative operator from C(Iz) to C(I7)
and

(30) (1) = k(5@ )@), §=1,2,
where
Wz, Wa, (v 0 Qil)(t)

0 = et o0+ g, ca) (@ T)H

(31)

_ W:clwm(aog_l)(t)
%0 = G0 ) o, o 0+ afar, o) @D

Remark. If 1is a constant vector field, then w can be chosen as a linear function.
But then K1 = 0 and (29) becomes a purely functional equation. Much more
general functional equations of this type are studied in [4].

From the definition, it follows that
(32) teTs, <= pi(t) =0, j=1,2.

4.2. The uniqueness of a solution of equation (3). The required uniqueness
is a direct consequence of the following assertion which is interesting all by itself.

Lemma 6 (Maximum principle for a functional-integral equation). If ‘ﬁ? =0 and
a guiding set Ts, (Ts,, respectively) is finite, then any solution G of the homogeneous
equation (29) takes its mazimum at the point vy (y—, respectively).

Proof. We assume for definiteness that the set 75, is finite. Take an arbitrary
solution G of homogeneous equation (29) and introduce a function

Gm(t)=G(t) — M, where M = H}aXG.

Denote

M=A{telr|G({t) =M}
As any constant solves the homogeneous equation (29) (which can be verified di-
rectly), the same is true with respect to the function Gaq. If t1 = v, then there is
nothing to prove. Let t; € 9 and ¢; # v,. Applying equality (29) with H' = 0 to
the function G o¢ and substituting ¢; for ¢ we arrive at the equality
(33) —p1(t) G (81 (1)) = p2(t1)Gam (82(t1)) = KiGm (7 (1))
In view of (9), (11), (30) and (31), the inequalities

1 >0, p2>0

hold. As Gaq < 0 in Iy, the right-hand side in (33) is nonpositive, whereas the

left-hand side is nonnegative. Consequently,

1 (t1) Gt (01(t1)) + pa(tr)Gan (02(t1)) = 0.
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If t; ¢ Ts, then, in view of (32),
Gm (51(t1)) =Gpm (52(t1)) =0,

and, hence,
(51(t1) eI and (52(t1) e M.
But if t; € 75, (t1 € Ts,, respectively), then, by virtue of (18),

91(t1) € M (62(t1) € M, respectively).

Comparing these observations with the definition of a 7s-proper orbit (see the
paragraph preceding Lemma 5) we conclude that, along with every point ¢; € I,
the next point to of any Ts-proper orbit (¢1,t2) also belongs to 9. Since d; and 09
are maps in I, this argument can be applied to the point to.

As 61 and 6, are maps in I, we can apply this argument to the points to =
d1(t1) or ta = d2(t1) and obtain one or two points t3 = 0j,(t2) = d;, 0 d;, (£1) also
belonging to 9. A new orbit O = (t1,t2,t3) is also Zs-proper. Arguing in the
same way, we conclude that along with every point t1 € IMM its every Ts-proper orbit
O = (t1,ta,...) lies in M. To prove Lemma 6 it remains to verify that if ‘J‘I(;T‘S =0,
then, given any point t1 € Iy, there is a Ts-proper orbit O = (t1,ta,...) which
converges to vy, t.e. limy o0ty = 4.

Remark. If 75, = 0, i.e. the curve I has no points with a tangent line parallel to the
To-axis, then one can complete the proof in several words. Indeed, in this situation
for any point ¢; € I the orbit (¢1,01(t1),...,07(¢1),...) is Ts-proper. Furthermore,
by virtue of inequality (17), the sequence d7 (1) increases, when n — oco. Denote
lim,, o 07 (1) = v. It is clear that 61 (v) = v. But this means that v = ;.

The general case is more difficult, as any 7s-proper orbit (t1,ta,...,ts,...) con-
taining points ¢; from both sets 75, and 75, does not increase, by virtue of the same
inequality (17).

We begin with several assertions.

Proposition 7. Ift # vy and (t1,1), (t2,t) are two Ts-proper orbits, then t1 = ts.
Proof. Assume that ¢; # t3 and

t= 6j1 (tl)v l= 5j2(t2)'
By virtue of Lemma 4(i), j1 = j2. Denote a common value of these indices by j.
As 8% > 0, it follows from the equality d;(t1) = d;(t2) that d%(t) = 0 for all values
t, ty <t <tp. But then t; € 75;, whence j; # j, as the orbit (1,t) is Z5-proper.

Remark. From a geometrical point of view the latter proposition asserts that two
different 75-proper orbits cannot enter at the same point (although such orbits can
leave the same point ¢ if ¢ & 7).

Proposition 8. If a cyclic orbit S is a part of a Ts-proper orbit O = (t1,ta,...),
thent; € S.

Proof. If t1 & S we let t4,q > 2, be the first point in O, belonging to S, so that
S =(tg. - itain)s  torn = L.

But then t,_1 # ty+n—1, and applying Proposition 7 leads to a contradiction.
Let
A=sup{t|te T}
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Proposition 9. There is an integer v such that the inequality
(34) 07 (t) > A
holds for all t € Ip.

Proof. The existence of an integer v such that 6Y(—1) > A is a consequence of
inequality (17). The required relation follows immediately from Lemma 4(i).

The end of the proof of Lemma 6. We say that a Ts-proper orbit (t1,t2,...) is d;-
oriented if for all k£ > 1
te & Ts, = tip1 = 01(ty).

It is obvious that any point t; € I uniquely defines a d;-oriented orbit. We
first note that, by virtue of the hypotheses, the number A does not equal ~y4,
and hence, inequality (34) holds for all ¢ with a constant v. If ¢; > A, then the
orbit O = (t1,1(t1),...,7(t1),...) is d1-oriented and, as was shown (see Remark),
limy, 0007 (t1) = v4+. Let t1 < A. If a d;-oriented orbit O = (¢1,...) does not lead
to the point 1, then it does not contain any cyclic suborbit by Proposition 8. In
this case as 75, is a finite set, there exists a number m such that all the points
tmt1, tm+2, - . - of the orbit O lie outside of 75,. But then t,,4+, = 0Y(t;n) > A, and,
as above, ty — v4 when k — oco.

Consider a concluding situation: t,, = t; for a number m. Then the periodic
suborbit S = (t1,...,tm) of O cannot be 7Ts-guided, by virtue of the hypothesis
Ns = 0. Consequently, S contains a point t,, 1 < ¢ < m — 1, which does not
belong to 75. Then we introduce a new point ,41 = da(t,) (in contrast to the
point t441 = 01(tq) € S). Consider now a d;-oriented orbit Oy = (tAq+1,tAq+2, S
Bemg Ts-proper this orbit has no common points with S. Indeed, if it is not true,
t, is the first pomt of this kind, and tp =t.,, 1 < r < m, then, by virtue of
Proposition 7, tp,l = t,_1. But the latter is not possible. By Proposition 8, the
Ts-proper orbit tq,tAq+1,tAq+2, ... does not contain periodic suborbits. Hence, as
above, all the points tAq_HH_m, m > 1, of the orbit O; starting with some number p
have the form

tq+p+m - 51 ( q+p)
This means that the orbit O; converges to 4, and so does the sewed orbit

O = (tl,.. -7tq;tq+1;- --7tq+p;tq+p+17-- )

This completes the proof of the maximum principle.

To prove the uniqueness of a solution of equation (23) turn to the homogeneous
equation (23) and prove that its solution F' is zero. Indeed, by definition, F'(t) =
G(t) where G is a solution of the homogeneous equation (29). By the maximum
principle, we have

max G = G(v4) (or max G = G(y ))

[y—7+] [y—7+]

As equation (29) is linear, we conclude, replacing G by —G, that

min G G(v+) (or min G = G(v-), respectively).
V=74 (V=741

Thus, G = const, and hence, F' = 0. This completes the proof of the uniqueness in
Theorem 3(I).
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4.3. The existence of a solution of equation (3). As we know, the equation in
question is equivalent to both equations (24) and (25). Having proved the unique-
ness of a solution of equation (24) (see Subsection 4.2) we established at the same
time the uniqueness theorem for equation (25). Consequently, the required exis-
tence follows if we prove that the linear operator (d*/dz?)B in the space C(Iz) is
a Fredholm operator, and its index equals zero. It is worth mentioning that the
operator d?/dz? is an isomorphism between the spaces H(Iz) = (C? N Cy)(Iz) and
C(Iz). To represent equation (25) in an expanded form we differentiate equation
(26). Denoting h”(z) by H(z) we arrive after some identical transformations at the
functional-integral equation

way (a(2)) wa, ((2))

— af* ()22 (@1 (2), 0)F (@ (2),0)) = 057 ()

T2 1

—a’() [ " P (ofar(2),0) (“”“ <a1<z>,xz>) drs

T2 T2

4 aéQ(z)/Oal(Z)F(w(atl, as(2)) (‘*’“ (21, 042(2))) dey + H(2).

Z1

[af@m L ay2(2) 22 o >} F(w(a(2)))

Wy,

(0, 02(2)) F (w(0, az(2)))

Z1

Substituting Q71 (¢) for 2 yields

(35) F(t) — p1(t)F(01(t)) — p2(1)F(62(t)) = NF(t) + H(t), te€ I,

where N is the integral operator

N:F—af (t)/0a2(t)F(w(a1(t), ) (‘*”“ (al(t),x2)> dz,

Wyy o2

+ a2 )/Oal(t)F(w(xl,ag(t))) <°"x2

1

<x1,a2<t>>) dry + H (1)

1

H(t) stands for the function H(Q~'(t)) and

0/12(2) ( 1(2),0

- ,0)
pr(t) a’12(z))\(a(z)) +ab?(2)(1/N) ((2)) — 20 ahy(z) lz=071(t) ’
- 0.0
A N(2) + 4y’ () (1/N) (a(z)) - 204a5(2) |==0-10

with A(x) = (Aa/A1)(x) (see (4)).

Remark. If the vector field 1 is proportional to a constant one, then N' = 0 and
(35) becomes the purely functional equation

(36) F(t) = pr(OF (3:(0) = po(0)F (82(8)) = H (1)
with respect to an unknown function F' € C(Ir).

The integral operator A/, as follows from the classical Arzela criterion, is a com-
pact operator in C(I7). As to the coefficients p1(t) and po(t), what is important
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are the following properties:
(i) p@)p2(t) =0, telr;
(il) 0 < p1(t) + p2(t) <1 forall t € Ir and
pr(t) + pa(t) < 1 for ¢ & Ty;
(iii) pj(t) =0<=te T, j#j"
The first inequality in (ii) follows from (9), (11) and (7), and the second is based
on (7). The implication (iii) is a consequence of (22).
Introduce a linear operator L in C'(Ir):

L:Fw— p1Fod;+ p2F ods.

In view of (ii), the norm of this operator ||L|| does not exceed 18 If ||L|| < 1, then
the operator £ — L on the left-hand side of (35) (with E the identical operator
in C(Ir)) is invertible. In this case the required Fredholm property as well as the
equality ind(d?/dz%)B = 0 follows from the well-known

Proposition 10. If R is an invertible operator in a Banach space B and N is a
compact operator in B, then R—N is a Fredholm operator in B, and ind(R—N') = 0.

The following proposition relating to the case ||L|| > 1 is also well known.

Proposition 11. If L is a linear operator in B and ||L™| < 1 for some integer
m, then the operator E — L is invertible.

For completeness both propositions are proved in the Appendix.

From what was said above it follows that the required existence of a solution
to equation (35) (and consequently, to equation (3)) is a direct consequence of the
following assertion.

Lemma 12. If ‘3157‘5 = 0 and at least one of the guiding sets T5, and Ts, is finite,
then there is an integer m such that |L™| < 1.

Proof. We note that for an arbitrary integer N > 0 the function L f can be
represented in the form

(37 V= 5 £ (s (35 0) - i (i1 0+ 285, (1) £(05(8)).

JiseJn=1

where J = (j1,J2,...,jn). Indeed, for N = 1 this is true. To apply the induction,
assume this equality to be valid for some N and prove that it is valid for N + 1.
But this is evident, since, by the definition of L and in view of (37), we have

2
LNHLF() = LN f) = 3 3o (LY 1) (85 (1))
jo=1

= 22: Pio (£)Pj (% (ﬂ) e Pin (5jN_1 0---00j (ﬂ)f(&](t))

J05J15e N =

with J = (j07j17" a]N)

3 We consider a standard norm || - || in C(I7) : |F|| = max|F(t)].
T
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Applying the triangle inequality we conclude, with the help of (37), that for an
arbitrary function f € C(Ir) and at any point ¢ € I the inequality

2
NI Y @i (010) i (Gines 0+ 8, ) 171
JiseJN=1
holds. Let us prove that for an arbitrary point ¢ € Iy one can find an integer NV
and a number v < 1 such that for all functions f with ||f|| =1 the inequality

(38) ILYFH)] <~

holds. If t & 75, then pj, (t) + pj,(t) < 1, in view of property (ii), and hence,
inequality (38) follows with N = 1. Let ¢t € 75. In proving the maximum principle
we established that under the hypotheses of the lemma there is a multi-index J=
(j1,---,dn—-1), N > 2, such that the corresponding orbit O = (t,d;, (t),...,65 (1))
is T5-proper and 7 (t) € 75. Let N be the minimal integer satisfying this condition.
Then, by the definition of 7s-proper orbit, we have

pj; () =0, pjy (5j (t)) =0, ..., pjf_, (5jN_2 0---0dj (ﬂ) =0,

with j;, # ji for all k, and hence, in view of (37),

IENFO1 < 032 s (01 8)) -+ iy (s 0+ 0 85, (1) (2 (85(8)) + 206 5(1))).

By virtue of property (ii), the first N — 1 factors on the right-hand side are not
greater than 1, whereas the latter one is strictly less than 1. This completes the
proof of inequality (38).

By continuity, this inequality remains valid at all points of some neighborhood
U of the point t for the same number N, probably, with a larger constant v < 1.
Let {Z/{j}?:l be a finite subsystem of these neighborhoods, and let N; and v; be
the corresponding constants. Setting m = max N; and v = maxy; we arrive at the
desired inequality ||L™| < 1. This completes the proof of Lemma 12, and hence,
the proof of part (I) in Theorem 3.

4.4. Proof of part (IT). In proving part (II) we follow completely the proof of part
(I), including the notation being used. To begin with we establish the uniqueness of
solution F' to equation (23). Note that the function w(z1,z2) in equation (23) can
be chosen now as linear, since I is a constant vector field. But then both functions
wy, and wy, are constants, and combining these observations with (30) and (31)
leads to the relations

(39) () +pa(t) =1, telp,
and IC; = 0. The homogeneous equation (29), thus, becomes
(40) G(t) — 1 ()G (61 (1)) — p2(H)G(82()) =0, te I,

and the required uniqueness follows, if we establish that G(t) = const. It can be
verified directly that if both sets 77 and 75 are infinite, and the geometric hypotheses
in Theorem 1, related to the sets 7;" and 7/, are fulfilled, then the inequality

(41) min{t|t € Ty} > max{t|t € T3}
holds. By Theorem 2 in [], if N2 = 0, then under hypotheses (39) and (41) any

solution G of equation (40) takes its mazimum and minimum at boundary points
~v— and y4 of the interval Ir.
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Let us substitute consecutively v_ and «4 for ¢ in (40). As v_ and 4 are fixed
points of the maps d; and Ja, respectively (Lemma 4), we arrive, in view of (39),
at relations

1 (v-)(G(r-) = G(0)) = pa(v1)(G(r4) — G(0)) = 0.

Note that p1(v—)ue(v+) # 0, by virtue of the transversality I' to the vector fields I
and I at the boundary points of I' (see Subsection 2.1). Therefore, G(v-) = G(4),
and hence, by the above, max G = min G. Thus, G = const.

In proving the existence of a solution to equation (3) we repeat word for word the
arguments at the beginning of Subsection 4.3, and using the Remark in Subsection
4.3, arrive at equation (36). It remains to prove the following analog of Lemma 12.

Lemma 13. Assume that the semigroup ®s is generated by the maps 1 and 02 in
Ir, described in Lemma 4, that the sets T3 and 15, satisfy hypothesis (41), if none
of them is finite, and that Ty N OIr = 0. Then ||[L™| < 1 for some integer m,
provided that ‘ﬁ? =0.

The proof of this lemma coincides with the proof of Lemma 12 with the only
exception: the reference to the maximum principle should be replaced by the refer-
ence to Theorem 1 in [5]. The corresponding assertion in [5] looks as follows: Under
the hypotheses of Lemma 13, for an arbitrary point t1 € It there is a Ts-proper or-
bit O = (t1,ta,...) converging to the boundary of It if and only if ‘ﬂ? = (). This
completes the proof of the “if” part in Theorem 3(II).

To prove the necessity of hypothesis (6) assume that

NE #0.

Let O = (¢1,92,---,qn+1) be a T-guided T-proper periodic orbit in I with J =
(1,425 ---54n). According to Lemma 5, there is a 7Ts-guided 7Ts-proper periodic
orbit O = (t1,t2,...,tp+1) in I responding to the same multi-index J. The latter
means, according to definitions (see Subsection 4.1), that

(1) ty = tn-{-l;
(42) (ii) the1 =0j, (tx), 1 <k<n,
(i) 8, =0 1<k<n

where j;. # ji. Return to equation (29). As was mentioned above, now it takes the
form

(43) G(t) = m ()G (01 (1)) — p2(t)G (62(t)) = H'(t).

Let us substitute ¢; for ¢ in (43). Using consecutively relations (42) and (39) we
conclude that one of the numbers d%(¢1), j = 1,2, equals zero, which means, in
view of (19), that p;(t1) = 0, whereas pu;/(t1) = 1 and 0;/(t1) = to for j' # j. This
results in the relation

G(t) — Glts) = H' ().
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Using this procedure consecutively for ¢ = to,...,t = t,, and applying the period-
icity of the orbit in question on the last step, we arrive at the system of relations
G(t1) — G(t2) = H'(t1),

G(t2) — G(ts) = H'(t2),

G(tn) — G(t1) = H'(t,).
Adding all of them together we get

zn:H’(tj) =0.
j=1

By the definition of H’, this is equivalent to the relation
n

(44) > 0.h(g;) = 0.
j=1

Here 0, is the differentiation with respect to the natural parameter on I'. Thus, each
T-guided T-proper cycle Oy = (q1,-..,qn+1) generates a relation (44) involving
any given function h in (3). A violation of this relation leads to the unsolvability
of equation (3) with this hA. In other words, each orbit from ‘ﬂg represents an
obstruction when constructing the inverse operator B~!. Thus, we have proved the
“only if” part in Theorem 3(II). This completes the proof of Theorem 3.

Remark. Note that the problem of the completeness of a system of the above ob-
struction as well as the problem of whether or not these conditions are sufficient
for the solvability of problem (3) still remain open.

5. PROOF OF THEOREM 1

_Let Y D — D be the diffeomorphism described in Su~bsection 3.1 and let
I' = Y(T'). Introduce the vector field L = Aje; + Azes in D. As was shown in
Section 3, equation (3) we are dealing with has the form

(45) | Few)io =nta). qer.
D’I
where w(y) is a nonsingular solution of the differential equation
(0/0hw(y) =0, ye B,
and F' is an unknown continuous function on the range of w. It is obvious that the
change of variable
y=Y(z), ze€D,

reduces equation (45) in an equivalent manner to the equation

(46) /F(Q(l‘))dﬂ?ldﬂﬁg = h(zj), q~€ f,

Dy

where Q(x) = a1 — A\jx2 is a solution of the differential equation with constant
coefficients

(47) (9/0L)Q(z) =0, =€ D.
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As was mentioned in Subsection 3.1, the triangle D and the vector fields e; and ey
satisfy the hypotheses 1° and 2° in Subsection 2.1. This makes it possible (analo-
gously to Section 2) to introduce the maps Zl and 62 inT along with the semigroup
(I)f’ the guiding sets ’]N'l, i—g and T = ’]N'l U i—Q, and to define the corresponding T-
guided, T -proper orbits related to (I)E' Denote by ‘ﬁg the set of all %—guided,

’f—proper periodic orbits. With the help of the obvious relation

yogjzgjoy Onfa j:172a

it can be verified directly that:

«) the pairs of the guiding sets (71,72) and (’]N'l,’]N'Q) satisfy the geometric hy-
pothesis in Theorem 1 only simultaneously;

B) the relations

‘ﬁgz(ﬂ and ‘J??Z(Z)

are equivalent.

As a consequence, we conclude that equation (45) satisfies all the conditions
of Theorem 3(II), and, therefore, is uniquely solvable in the space Cr, (13) for
all functions h € H(T) if and only if ‘ﬁg = (. In view of the above-mentioned
equivalence of problems (45) and (46), the same is true with respect to problem
(45), the spaces C1y(D) and H(T") and the condition ‘IICT =0.

To complete the proof of Theorem 1 it remains to show that the inverse operator
B~! (whose existence follows from the uniqueness of a solution to equation (3)) is
bounded: H(I') — C{;y(D). But we have proved that this operator is defined on
the whole Banach space H(I') (the existence part in Theorem 3). In order to use
the Banach closed graph theorent] and thus to establish the desirable boundedness,
we have only to show that the operator B: C(;y(D) — H(T') is bounded. The latter
is equivalent to the estimate

IBE,H(D)|| < | F,C(D)Il, F e Cuy(D),
with ¢ > 0 a constant. But
IBE, H(I)| = max |(d?/dz*)BF| + max |BF|,
z z
and making use of the explicit form of the operator (d?/dz?)B (see the relation

preceding (35)) we arrive easily at the latter inequality (without special assumptions
about the coefficients A; and Ag). This completes the proof of Theorem 1.

6. PROOF OF THEOREM 2

Just as in proving Theorem 1 we reduce equation (45) to the equivalent equation
(46). The corresponding equation (47), as can be verified directly, takes the form

(48) (M (2)0/021 + Aa(x)0/D22)Q2 = 0,

4This theorem states: if Bj and Bg are Banach spaces and L : By — Bz is a continuous
one-to-one linear operator on B onto Ba, then its inverse L~ is also continuous.
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where the coefficients A1 and Ag, in view of the restrictions (i) and (ii), satisfy the
conditions

)\1 = )\1 (332) with )\’1 (332) S
)\2 = )\2(.131) with )\,2(.131) S

?

?

and, therefore, conditions (7).
It follows that the function

T2 x1

) = [~ [ ralsis
0 0

not only solves equation (48), but also satisfies condition (8). By Theorem 3(I),
equation (46) possesses the required solvability properties under the hypothesis

‘ﬁg = (. In view of the above-mentioned equivalence of the two integral equations,

the same remains true with respect to equation (45) and relation M7 = (. This
completes the proof of Theorem 2.

7. FIRST BOUNDARY PROBLEM FOR HYPERBOLIC DIFFERENTIAL EQUATIONS

As an application of the obtained results a new boundary problem for a wide
class of hyperbolic differential operators in the plane will be studied in this section.
The main distinctive features of this problem are that it is considered in a bounded
domain, and the value of an unknown function is given on the whole boundary of
the domain. In this connection it is worth mentioning that, in the framework of
the classical theory of PDE, boundary problems for hyperbolic equations are usu-
ally considered in domains which are intimately connected with the corresponding
equation (half-space, half-cylinder, an angle between characteristics in R?, etc). If
the domain is bounded, a part of the boundary is usually free of a priori information
about unknown solutions. The evolutionary character of hyperbolic equations seems
to impose a taboo on a priori information about a solution on the whole boundary
of a bounded domain. However, as we show below (see Theorem 14), for a wide
class of hyperbolic equations this taboo can be lifted. In domains closely connected
with the corresponding hyperbolic differential operators solutions of equations in
question are uniquely defined if their values on the boundaries of these domains are
given (the first boundary problem).

7.1. Statement of the problem. For the sake of brevity we restrict ourselves to
a homogeneous differential operator with constant coefficients.

In the (z,y)-plane R? we consider an arbitrary homogeneous x-strictly hyper-
bolic operator P(0;,0y) of 3rd order. The z-strictly hyperbolicity means that the
characteristic polynomial P(7, A) has, for any A # 0, three distinct real roots in 7.
It follows that the operator P = P(0;,d,) can be uniquely represented in the form

(49) P(03,0y) = a(0p — a10y)(0z — a20y) (0 — azdy)

with some constants a, a1, az,as, where a; # ay for j # k. The characteristics of
the operator P are straight lines

Yy +ajx = const, Y+ agsxr = const, Y+ azxr = const.

Let 11,1, and I3 be the unique vector fields in R2? parallel to these lines, respec-
tively. Denote by R1,Ra,..., Re characteristic rays beginning at some point 0.
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Choose any triple of neighboring rays R;, say, Ri,R2 and Rs3. Let R3 be the
ray lying between R; and Rs. Consider a curvilinear triangle D = OA; Ay with
sides OA; C R1, OAs C Ro. As to the side I' = A;As, it is assumed to be an
arbitrary smooth curve without singularities which is transversal to OA; and O As
(cf. Subsection 2.1). We suppose the closure D satisfies hypotheses 1° and 2° in
Subsection 2.1. It follows, in particular, that I' is transversal to the vector field I5.

We now formulate the first boundary problem for the above operator P(0,, dy)
and the domain D:

given functions F € C(D) and h € C(OD) find a solution u of the problem

(50) Pu=F in D, u="h on OD.

We call a function u in D a generalized solution of problem (50) if u € C?(D), u=h
on 0D, and for all functions ¢ € C§°(D)

/utPgoda:dy = /F(pdmdy,
R2 R2

where P is the formally adjoint differential operator.

7.2. The formulation of the result and a sketch of the proof. To formu-
late the main result related to the solvability of problem (45) let us consider the
semigroup ®¢ of maps in I' introduced in Subsection 2.2 with I = I3. The guiding
sets 7; considered in Subsection 2.2 are now nothing but the sets of characteristic
points in I'" with respect to the operator P, and we call them characteristic sets.
Repeating literally what was said in Subsection 2.2 we define periodic, 7-guided,
and 7 -proper orbits corresponding to the semigroup ®.. Finally we introduce the
set ‘IICT of all 7-proper periodic orbits, consisting of characteristic points in I'.

Denote by C*(0D) the set of all continuous functions on D whose restrictions
to all sides of the triangle D are k times continuously differentiable functions.

Theorem 14 (cf. [2]). Assume that the characteristic sets Ty and Tz satisfy the
same conditions as the guiding sets Ty and T3 in Theorem 1. Then for any functions
F € C(D) and h € C*(0D) there is a unique generalized solution u(x,y) of problem
(50) if and only if the set ‘ﬂg is empty. The inverse operator (F,h) — wu is
continuous: C(D) x C?(0Q) — C*(D). If F € C*(D) and h € C¥*2(0D), k > 1,
then u € C*+2(D) is a classical solution of the problem in question.

Proof. We restrict ourselves to the case F' = 0. Let us write down the operator P

in the form (49). It is clear that a linear change of variables reduces problem (50)
to the problem

(51) (m10y + m20y)0,0yu =0 in D, u=~h on 9D.

Here D is a domain in R? whose boundary 9D consists of the three parts
D ={(ey) [y=0, 0<a <1}, To={(xy)|z=0, 0<y<1},
Iy ={(z,y) |2 =0ou(t),y = az(t); 0<t <1},

where
a1(0) =0, (1) =1; az(0) =1, ax(l)=0.

(For convenience we preserve the previous notation for the domain and functions.)
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Let
h=hi(z) on Ty, h=ho(y) on Ty, and h=hs(z,y) on Ts.
The continuity of the function h leads to the natural compatibility conditions
(52) h1(0) = h2(0), hi(1) = hs(1,0), h2(1) = h3(0,1).
Using the postulated properties of the domain D it is easy to verify that the function

T

y
(53) u(z,y) = /(/ Glnns + mot)dt)ds + b (x) + ha(y) — ha(0), 0 <y <1,
0 0
is a generalized solution to the equation in (51), satisfying boundary conditions
on I'; UTy for any function G € C*(ny1,n2). Here n = (n1,nz) is the unit vector
orthogonal to the vector m = (mq,ms), and ny < 0, ng > 0. The necessity of
satisfying the boundary condition u = hz on I's leads to the following integral
equation for an unknown function G € C(I):
ai(t) az(t)
(54) / ( / Glnyz + nay)dy)de = H(t), 0<1< 1,
0 0
Here
H(t) = —hi(a1(t)) — ha(ea2(t)) + hs(ai(t), aa(t)) + hi(0)

is a given function. What is important is that the function H(t), generated by an
arbitrary continuous and twice piecewise differentiable function h in (51), belongs
to the space H(I) = C? N Cy(I) (see Subsection 2.1). This follows from the com-
patibility conditions (52). The converse is also true, namely, the function u(z,y)
defined by (53) with G a solution of equation (54) solves problem (51).

Thus, problem (51) turns out to be equivalent to the integral equation (54) which
is nothing but equation (23). The unique solvability of problem (51), provided that
‘J?Z: = (), follows directly from Theorem 1.

APPENDIX

Proposition A.1. With the notation introduced in Subsection 4.1 the inequalities
(A1) aj(z) >0, a4(z) <0, z€lyg,
hold.

Proof. Tt suffices to prove the first inequality.

(I) We note that if the curve I' in a neighborhood of a point M (xg,y0) € T is
described by an equation y = f(z) with f a differentiable function, then one of the
half-intervals {(z,y) | © = 20,0 < y—yo < e} and {(z,y) | * = 0, —¢ < y—yo < 0}
is free of points of D.

(IT) We note also that given differentiable functions ¢;(t) and @2 (t) with the

same range there are points ¢; and to such that

(A.2) @1(t1) = @a(t2) and @} (t1)@s(t2) # 0.

Indeed, localizing the problem and using an affine transformation one can reduce
the proof to the case when the domains of ¢;(¢) and 2 (t) coincide and ¢ (t) > 0.
But then the result is obvious: as ta we take any point with 5 (t2) # 0, and we
choose t; = ]! 0 wa(ta).
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(IIT) To prove the first inequality in (A.1) assume that o (7) < 0 for some
T € Iz and take a point 7 with o/ (7) > 0. (As a1(—1) =0 and a;1(1) = 1, such a
point certainly exists.) We choose a point 6 € (7,7) for which

A:=a1(0) = Tr;l%x?al(t).

It is clear that there are positive numbers 61, 05 such that
B = 051(9 — 91) = 051(9 + 92)

But then the restrictions a_(t) and a4 (t) of the function ay(t) to the intervals
(0 — 01,0) and (0,6 + 63), respectively, map their domains on (A, B). In view of
(IT) there exist points t* and ¢, such that

(A.3) o =a_(t") =ay(t.) and o (t*)a! (t.) #0.
We now consider three points in 9D:
Moy = (x*,O), M* = ((E*,ag(t*)), M, = ({E*,ag(t*)).

For definiteness let as(t.) > az(t*). Due to (A.3) each point M* and M, has a
neighborhood in which T" is described by an equation

wy = f(z1),  |ez—a| <,

with f = agoa;!. By virtue of (I) on the straight line 2; = * a half-neighborhood
of each point M* and M, is free of points of D. As My and M* belong to D and
D is I,-convex, the line segment MyM* lies wholly in D. But this contradicts what
has been said about the point M,. This completes the proof of Proposition A.1.

Proof of Proposition 10. 1t is clear that
(A.4) dimker(R — N) = dim(E — R™'N) < o0
since R— N = R(E — R7'N). Denote R — N = P and E — R7'N = @Q so that
P = RQ. By definition
coker @ = B/R(Q) = {f + R(Q)}.1
where f + R(Q) denotes a class of elements f’ in B such that f — f/ € R(Q).

Therefore
coker P = RB/R(RQ) = {Rf + R(RQ)}.
But RB = B due to the invertibility of R and Rf — Rf’ € R(RQ) if and only if
f— [ € R(Q). This means that
dim coker P = dim coker Q.

It remains to combine the latter equality with (A.4) and to use the compactness of
the operator R~'N and the F. Riesz-Schauder theorem 9

5R(Q) denotes the range of the operator Q.
6This theorem states: if E and A are identical and compact operators (respectively) in a
Banach space B, then ind(E — N') = dimker(E — N') — dimccker(E — N) = 0.
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o)
Proof of Proposition 11. Tt suffices to prove the convergence of the series Y || R¥|.
k=0
Let |T|| = 7 and ||T™| = v < 1. Then for all integers p = 1,...,m — 1 the
inequality ||T™™*P|| < 7P4™ holds. This implies

00 oco m—1
DOUIREI=D" D T < (7 = 1)/ (r = 1)(1 = ).
k=0 n=0 p=0
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